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Abstract

We propose a novel approach to analyze generalization error for discretizations of Langevin
diffusion, such as the stochastic gradient Langevin dynamics (SGLD). For an € tolerance of ex-
pected generalization error, it is known that a first order discretization can reach this target if we
run Q(e ! log(e 1)) iterations with Q(e~!) samples. In this article, we show that with additional
smoothness assumptions, even first order methods can achieve arbitrarily good dependence on
€. More precisely, for a sufficiently smooth potential function and all N > 0, we show a first
order discretization can reach e expected generalization error given Q(e~ /N log(e~1)) iterations
with Q(e~!) samples.
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1 Introduction

Let f:R?x Z — R be a known loss function with respect to parameters z € R? and a single data
point z € Z. We define F(z) := E f(x, 2) where the expectation is over z ~ D for an unknown
distribution D over Z. We consider the problem of minimizing an expected loss function

min F(z). (1.1)
reRd
Since the distribution is unknown, we rely on a sample of n-independent and identically dis-
tributed (i.i.d.) data points z = {z;}! ; ~ D", and evaluate the empirical loss function denoted by
F,(z) := %Z?:l f(z, z). In this setting, a learning algorithm is a random map X : 2" — R? and
we use X, to denote the output. Since the empirical loss F,(X,) can be evaluated, it remains to
study the expected generalization error

EF(X,) — EFy(X,), (1.2)

where the expectation is over both the randomness of X and z ~ D".
In this article, we are interested in the class of algorithms that can be viewed as a discretization
of the (overdamped) Langevin diffusion, defined by the stochastic differential equation (SDE)

dX(t) = —VF,(X(t)) dt + \/g AW (t) (1.3)

where § > 0 is the inverse temperature parameter, and {W(¢)}+>o is a standard Brownian motion
in RZ. Tt is well known that the Langevin diffusion converges (as ¢t — oo) to the Gibbs distribution
pz(x) o exp(—FF,(x)) (Bakry et al., 2013). Furthermore, using the uniform stability condition
introduced by Bousquet and Elisseeff (2002), the Gibbs distribution is shown to have generalization
error O(n~!) (Raginsky et al., 2017). Many optimization results also rely on the Gibbs distribution’s
minimizing property (Raginsky et al., 2017; Xu et al., 2017; Erdogdu et al., 2018).



Using this approach, Xu et al. (2017) have shown a first order discretization of the Langevin
diffusion with step size 1 > 0, the approximation error between the algorithm and the Gibbs distri-
bution is on the order of O(e~**7) 4-5)), where k > 0 is the number of iterations. In terms of runtime
complexity for an e tolerance on generalization error, this implies we need k& > Q(e *loge™!) and
n > Q(e~1). This approach corresponds to the top path of approximation steps to generalization
error in Figure 1.
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Figure 1: Overview of approximation steps taken to bound the generalization error
EF,(Xz,00) — EF(X;00). Here we use X, o to denote a sample from the stationary distri-
bution, O(-) to display an approximation error bound with dependence on step size n and
number of samples n, and p,(F) to denote the integral [ F dp,.

In contrast to previous works, our approach avoids viewing first order methods as a discretization
of Langevin diffusion. Instead, we view first order methods as higher order discretizations of a
modified process, which we construct via weak backward error analysis (Debussche and Faou, 2011;
Kopec, 2013, 2015). With the explicit construction, we can recover the stationary distribution
7 of the modified process, which approximates the first order methods to order O(n®), where
N > 0 depends on the smoothness of f(-,z). Then our main result establishes a generalization
bound of O(n~1) for this distribution 72, which is of the same order as Gibbs. As a result, our
approach shows that the generalization property of Gibbs is actually a generic property of Poisson
equations. Putting these together, our results imply a runtime complexity of k& > Q(e~ /N loge™)
while keeping the same sample complexity of n > Q(e~1). This is described in the bottom path in
Figure 1.

We summarize our main contributions as follows. We provide an explicit construction of the
modified process approximating SGLD, as well as the stationary distribution Wév , up to an error
of order O(nY). Under additional smoothness conditions, we provide an improved generalization
bound for first order discretizations of Langevin diffusion.

The rest of the article is organized as follows. We discuss related works and comparison next
in Section 1.1. In Section 2, we introduce the precise notation and main results. In Section 3, we
provide an overview of the proofs, deferring technical details to the appendix. In Section 4, we
discuss the assumptions and further extensions of this work. In Sections 5 to 7, we provide the

proof of the main results in full detail.

1.1 Related Works

Langevin algorithms for sampling and optimization have been very well studied (Gelfand and
Mitter, 1991; Raginsky et al., 2017; Cheng et al., 2018; Dalalyan and Karagulyan, 2019; Durmus
and Moulines, 2017; Erdogdu et al., 2018; Li et al., 2019; Vempala and Wibisono, 2019; Erdogdu and
Hosseinzadeh, 2020). Most of these articles establish approximations using the Langevin diffusion,



either in finite time or in terms of stationary distributions. In particular, several existing works
have studied the approximation of stationary distributions (Talay and Tubaro, 1990; Mattingly
et al., 2010; Erdogdu et al., 2018). This line of work is most similar to our approach in studying
the error in the distributional sense.

Paper Regularity Assumptions S:eé):n](jrazlingt.i)oioeieriih
Raginsky et al. (2017) | Gradient Lipschitz e 4(log(e71))3

Xu et al. (2017) Gradient Lipschitz e tlog(e™)

Erdogdu et al. (2018) | f(-,2) € C’éol €2

Present Work Gradient Lipschitz, f(-, z) € C’Sé\ﬁz e /N log(e )

Table 1: Comparison of the assumptions and resulting runtime complexities to reach € ap-
proximation error by recent works. Here Cﬁol denotes the space of C* functions where all
derivatives have polynomial growth, and €(-) notation hides constants independent of e. We
emphasize that all previous works have approximated the Langevin algorithm using the Gibbs
density, while the present work constructs a modified density. We provide precise details on
assumptions and results in Section 2.

The idea of backward error analysis traces back to the study of numerical linear algebra (Wilkin-
son, 1960) and numerical methods for ordinary differential equations (ODEs) (Hairer et al., 2006).
This approach views each update step of a numerical algorithm as the exact solution of a modi-
fied differential equation. For example, if we solve the ODE ¢/(t) = y(t)? with the Euler update
Yk+1 = Yk + ny; for some n > 0, then the modified equation can be written as an infinite series
(Hairer et al., 2006, Chapter IX, Example 1.1)

V=P e e
where given initial condition y(0) = yg, we will have that y(n) = yx+1-

However, directly extending this construction to SDEs pathwise is not straightforward (Shard-
low, 2006). Instead, Debussche and Faou (2011) introduced a construction approximating the
numerical method in distribution. The authors derived a partial differential equation (PDE) de-
scribing the evolution of the distribution for the numerical algorithm, and consequently the station-
ary distribution as well. We will provide more details in Section 3. This work has been extended to
implicit Langevin algorithms (Kopec, 2013, 2015), higher order discretizations (Abdulle et al., 2012,
2014; Laurent and Vilmart, 2020), and stochastic Hamiltonian systems with symplectic schemes
(Wang et al., 2016; Anton, 2017, 2019).

We summarize a comparison of related approximation results for SGLD in Table 1.

2 Main Results

Throughout the article we denote the Euclidean inner product by (z,y) for x,y € R?, and the
corresponding norm by || := (z,z)'/2. Unless otherwise specified, all expectations E[-] are with
respect to all sources of randomness including z. We denote the conditional expectation on a
random variable using the subscript notation, more precisely we use E,[-] := E[-|z]. For any
measure or density 7 on R%, we denote the integral [ ¢dr as w(9).

4



Given a multi-index a = (az,...,aq) € N% we define |a] = a; + -+ + a4. For any function
¢ € C®(RY), we define the short hand derivative notation 9n¢(x) = (0z,)% - (0z,)*d(z). For
all £,k € N, we also define the function norm ||¢[l¢x := supja|<¢ SUPzera [Oad(2)|(1 + |z|¥)~1. This
leads to the natural function space Cf(R?) := {¢ € C*(RY) : ||¢||or < o0}

We are now ready to state the main assumptions on the loss function f(z, 2).

Assumption 2.1 (Regularity). There ewists positive integers N,{ such that f(-,z) € CNT2(R9)
and sup,cz || f(-, 2)|l6n42, < 00. Furthermore, there exists a constant M > 0 such that

‘Vf(.’IJ,Z)—Vf(y,Z)’ SM‘J}—y‘, Vac,yeRd. (21)

Without loss of generality, this assumption implies for each o € N¢ with la] < 6N + 2, there
exists a constant M, > 0 such that sup,cz |0af(z,2)| < Mu(1+ |z[*). For each k € N, we define

Mk = Z|a\:k Ma

Assumption 2.2 (Dissipative). There exist constants m > 0 and b > 0 such that
(2, Vf(x,2)) >mlz|* —b, VeeRlzeZz. (2.2)

We remark this is a commonly used sufficient condition for exponential convergence of Langevin
diffusion (Raginsky et al., 2017; Bakry et al., 2008), and it can be replaced by any other sufficient
condition (Villani, 2009; Bakry et al., 2013).

We define stochastic gradient Langevm dynamics (SGLD) by the following update rule

Xk+1 Xk - nVFCk Xk A / fk y (23)

where Xo = 2 € R? is a deterministic initial condition, > 0 is a constant step size (or learning
rate), f > 0 is the inverse temperature parameter, {(j}ren are uniform (minibatch) subsamples
of z (with replacement) of size n, < n, and {& }ren are i.i.d. samples from N(0, I;). Here we let
{Ck } ke, {&k tren be independent conditioned on z.

We are ready to state our first main result.

Theorem 2.3 (Approximation of SGLD). Suppose f(z,z) satisfies Assumption 2.1 and 2.2 with
order of approzimation N € N. Then there exist positive constants C,\, ' (depending on N) such
for all step sizes 0 < n < % and z € Z", we can construct a modified stationary measure 7' , with
the property that for all steps k > 0, initial condition Xg = x, and test function ¢ € CEN”(]Rd),
the following approxzimation bound on the SGLD algorithm { X }i>o0 (2.3) holds

|Eao(X0) = (9)] < C (72 40 (1+ [2)" 6= pa(6) lonrae- (2.4)

In particular, the above result holds for ¢ € {F, F,}.

The full proof can be found in Section 5.

Our second main result is on bounding the generalization error of the approximate stationary
distribution. Here we note that beyond SGLD, many discretizations of Langevin diffusion admits
a higher order approximate stationary distribution 7Y via the same weak backward error analy-
sis construction. In particular, the implicit Euler method (Kopec, 2013) and weak Runge-Kutta
methods (Laurent and Vilmart, 2020) are well studied. Therefore, we state the result for all such

methods.



Theorem 2.4 (Generalization Bound of 72). Suppose { Xy }r>o is any discretization of Langevin
diffusion (1.3) with an approzimate stationary distribution mY as in Theorem 2.3. Then there exists
a constant C > 0 (depending on N ), such that for all choices of k,n and n € (0,1) the following
expected generalization bound holds

‘E [FN(F) —WN(FZ)] ‘ <

z

(2.5)

where the expectation is with respect to z ~ D™.

The full proof can be found in Section 6. As a corollary of the two results, we have a runtime
complexity as follows.

Corollary 2.5 (Runtime Complexity). Suppose { Xy }x>0 is any discretization of Langevin diffusion
(1.3) admiting an approzimate stationary distribution ) of the type in Theorem 2.3. Then there
exists a constant C > 0 (depending on N ), such that for all

2m C C 1
>0, 0<n< — > — k> —=log— 2.6
€ ) 77 M2 ) n — 6(]. —77) ) P El/N Og 67 ( )

we achieve the following expected generalization bound
[E[F(Xy) = Fy(Xp)]| < e. (2.7)

The proof can be found in Section 7. Once again, we remark this implies a runtime complexity
of k> Qe /Nlog(e™')) despite {X}}x>0 being a first order discretization of Langevin diffusion.

3 Proof Overview

In this section, we provide a sketch of the main results. Here we omit most of the technical details,
with the goal of explaining the core ideas clearly and concisely.

3.1 Construction of 7’

Before we go to the distributional setting, it is instructive to build intuitions from ODEs. In
particular, we return to (Hairer et al., 2006, Chapter IX, Example 1.1), where we consider solving
y'(t) = y(t)* with the Euler update yx+1 = yx + ny; for some n > 0. Following this example, we
hypothesize the existence of a modified ODE as the formal series

7)) =512+ a@n)n, (3.1)

(=1

such that y(0) = yx and y(n) = yry1. If ¥ has a Taylor expansion satisfying the constraint
7(n) = 9(0) + ny(0)?, we can solve for all the coefficients c,(7(t)) by matching the terms with the
same polynomial order of n°.

Observe that if this formal series converges, we have an exact reconstruction of the Euler
method {yx}r>1 via a modified ODE. However, since this is often not easy (or even possible), we
alternatively consider a truncation of this series, leading to a high order approximation. This is
exactly the approach known as backward error analysis (Hairer et al., 2006). We plot this particular
example in Figure 2.
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Figure 2: (a): A plot of backward error analysis for the example ODE (3.1), where truncations
of y(t) are taken to better approximate the Euler discretization. (b): A toy example to show how

the distribution 7Y constructed using weak backward error analysis compares against the true

stationary distribution of SGLD £(X.). In this case, we choose the loss to be f(z,2) = 222

so we can obtain explicit formulas for the densities. We observe a large discrepancy between

the Gibbs measure p, and £(X,) (for SGLD), where as the first order approximation 7} is a

much better approximation to £(Xo). See Appendix B for details of the calculations.

Once again, we emphasize that extending this method directly through pathwise approximation
of the diffusion will be difficult (Shardlow, 2006). However, if we forego the pathwise information
of the Langevin diffusion {X (¢)}+>0 (1.3), and only consider its distribution via E¢(X (t)) for some
test function ¢, we can study the evolution via the Kolmogorov backward equation

Ou(t,x) = Lyu(t,x), u(0,x) = ¢(x), (3.2)

where L, u := (—VF,, Vu) + %Au is the It generator, and u(t,z) = E[¢p(X (t))|Xo = ] is the well
known stochastic representation (Pardoux and Ragcanu, 2014, Theorem 3.43).

Since the evolution of Langevin diffusion’s distribution can be interpreted as Wasserstein gra-
dient flow in the space of probability distributions (Jordan et al., 1998), it is natural to consider
extending backward error analysis in the space of distributions. Indeed, this is the approach taken
by Debussche and Faou (2011) using a modified PDE instead.

Similar to (3.1), we instead write down a modified Kolmogorov equation as a formal series

0w =L+ 0 Legv, v(0,z)=¢(x), (3.3)
/=1

where {Ly ,},>1 are differential operators playing the same role as the coefficients ¢; in (3.1). These
operators are solved such that an [t6 type Taylor expansion matches the distribution of SGLD in
the sense v(n,z) = E[¢(X1)|Xo = =] formally, where X is the one step update of (2.3) and ¢ is
the same test function as in (3.3).

Once again, this formal series is an exact reconstruction of SGLD’s evolution if the series is
convergent. Similar to the modified equation for ODEs, we avoid justifying the convergence by
taking a truncation at order NN, matching the regularity condition of Assumption 2.1, which is
required for the Taylor type expansion in 7. More precisely, we construct the truncation using
functions vy, (t, ) defined recursively as the solutions of the following equations

= ¢($) y M= 0,
Oyvm — Lgvy, = § Ll,zvm—£7 Um(O,SU) = { (34)
P 0, m>0.



(N) = Zévzo nfw approximates

Using this construction, we show that the truncation of v defined by v
E[¢(X1)|Xo = z] up to an error of O(n™N*1) .

Next, we establish the convergence of the truncation terms v,, via a standard spectral gap
argument for non-homogenous parabolic PDEs (Pardoux et al., 2003). More precisely, we can
write

U (t, ) — lim v (s, z)| < Ce M2, (3.5)

§—00

where A > 0 is the Poincaré constant arising as a consequence of Assumption 2.2 (Bakry et al., 2008;
Raginsky et al., 2017). By standard adjoint equation arguments (Pavliotis, 2014, Theorem 2.2),
we can recover the stationary measure from (3.4) by setting dyv,, = 0 and replacing all differential
operators with their corresponding adjoint. More precisely, we have lim;_oo Uy (£, 2) = pz(¢ fim.z),
where the Radon-Nikodym derivative pi, 5() is the unique solution of the Poisson equation

Lz//fm,z = - Z Lz,zlulmfﬂ,z 5 (36)
/=1

where we use Lj , to denote the adjoint operator of Ly, in L*(p,), and g, = 1. Observe the above
equation is exactly stationary adjoint of (3.4), where we note L} = L, is self-adjoint.
Using linearity of expectation over p,, we can write

N
Jim o®(t,2) = p, <<Z> > ot ue,z> : (3.7)

=0

hence we recover the approximate stationary measure as 7y = p, Zévzo ne,ug,z.
Finally, to extend the one step error bound of O(n™¥*1) to arbitrary steps, we use a telescoping
argument to write

k
Ey ¢(Xi) — v ™M (¢, 2) ‘ <E)_ ‘E[U(N)((E = 1), Xp—eg1) — v (00, Xy )| Fied]
=1
) (3.9)
=1

where {F}r>0 is the filtration generated by the algorithm {Xj}i>o. Here, we used the one step
error bound and exponential convergence (3.5). Note that we can bound the geometric series by
ﬁ = O(n™'), hence leading to the error order of O(n”") in Theorem 2.3. We plot an example
construction of 7}, where we can compute the density explicitly in Figure 2.

3.2 Generalization Bound

We start by recalling the definition and generalization property of the uniform stability (Bousquet
and Elisseeff, 2002) for distributions.

Definition 3.1 (Uniform Stability). A collection of distributions {m,} on R? indexed by z € Z"
is said to be e-uniformly stable if for all z,z € Z" with only one differing coordinate

SUp | (f(,2)) = ma( (- 2))l < e (3.9)



Proposition 3.2 (Generalization). Suppose the collection of distributions {m,} is e-uniformly sta-
ble, and that for all (z,z) € 2", we also have f(-,z) € L'(n,). Then the expected generalization
error of {m,} is bounded by €, or more precisely

|E [m2(Fy) — mo(F)]| < €. (3.10)

Additional details can be found in Appendix A. With this approach in mind, we introduce
several additional notations. Without loss of generality, we let z = {21, -+ ,2;,--- ,2,} and Z =
{z1, -+ ,Zi,-- , 2y} such that they only differ in the i*" coordinate. We also define z(9) := zNz
and extend previous notations

1 VAQ B
Fao =2 S fa). o= s en(-AR0) . 0= S e (—nf(a:, z») . (3.11)
J 1,j#i
such that we can write F,u) + f(-, zi) = Fz, py) 4z = pa, and vice versa for the Z; and z terms. We
also define the norm |[|¢|z2(, @) T = [P, ((;52)]1/2
N _N

We start by putting the two integrals with respect to 7', 7;' under one integral with respect

to p,u), and use triangle and Cauchy-Schwarz inequalities to get

N
Pali) (f > 0 (peatz — w;%)) ‘

=0

|ma(f) — ma(F)] =

N (3.12)
¢
<D W2, ) ents — peatzllizg, ) -
=0

This implies that it is sufficient to bound the norm |10, 2qz; — pez¢z 1 22(, ) to achieve uniform

stability (Lemma 6.2). At the same time, we recall from (3.6) that p, z, ftmz solve very similar
Poisson equations

zﬂmz: ZLesz Ez::Gm,z7
(3.13)
zumz = _ZLzsz Lz = Gm,Z)
where we observe the left hand side operator only differs by (L,—Lz)u = 1(V f(z, %) -V f(z, ), V),

which is of order O(%) Furthermore, the right hand side only depends on fi 4, py 7z for £ < m. This
suggests the following induction structure

1
He,z29z; — Hezqz; = @) () forall0 </ <m-1
n
1

zﬁGmw%—Gmw%=0<n> (3.14)
1

= W29z — Hezqz = 0 <> forall0 </ <m,
n

where we observe the induction step incremented the set of £ € {0,1,--- ,m — 1} to {0,1,--- ,m}.

To complete the proof of uniform stability, we need to make the above sketch precise. This
requires the control of norms for higher order derivatives of ;1 and G terms, which is detailed in
Lemma 6.7.



4 Discussion

On the Poincaré Constant. Without a careful analysis, a non-convex potential f(-, z) generally
lead to a Poincaré constant with exponentially poor dependence on the inverse temperature 5 and
dimension d (Raginsky et al., 2017). However, there are many useful applications with universal
Poincaré constants (independent of 3, d). Most famously, when F' is strongly convex, we can use the
Bakry—Emery curvature condition to achieve an universal constant (Bakry et al., 2013). Cattiaux
and Guillin (2021) and references within have studied many perturbations of convex potential f
with applications to Bayesian inference. Menz and Schlichting (2014); Li and Erdogdu (2020) have
also extended universal Poincaré constant to non-convex f, where all critical points are either strict
saddle or the unique secondary order stationary point. In particular, this class now contains the
Burer-Monteiro relaxation of semidefinite programs (Burer and Monteiro, 2003; Boumal et al.,
2016).

On the Smoothness Conditions. In Assumption 2.1, we assumed f(-,z) € C®V+2, Indeed,
without additional smoothness, there is a lower bound on the runtime complexity (Cao et al.,
2020), and therefore higher order analysis is not appropriate in this setting. In fact, higher order
discretizations in general require higher order smoothness (Hairer et al., 2006). Therefore, any
application that calls for a higher order discretization can be studied using the approximation
method of this work. Furthermore, we remark that one can always consider smoothing the Gibbs
distribution via convolution with a Gaussian (Chaudhari et al., 2019; Block et al., 2020), which
leads to an infinitely smooth potential.

On Further Extensions. While this article is focused on the analysis of generalization error,
the framework can be extended to other analyses of interest. In general, weak backward error
analysis saves the approximation error between the discrete time algorithm to the diffusion process.
Therefore, any property of the algorithm can be studied via the approximate stationary distribution
7. For example, the expected suboptimality of Langevin discretizations is often analyzed via the
Gibbs distribution (Raginsky et al., 2017; Erdogdu et al., 2018; Li and Erdogdu, 2020), which
implies an opportunity to analyze the suboptimality of 7)Y instead.

5 Weak Backward Error Analysis: Proof of Theorem 2.3

In this section, we will complete the proof for Theorem 2.3. Here, we adopt the notation ggl(Rd) =
Nm U CF*(RY) for all smooth functions with polynomial growth. We remark while all the results
in this sections are stated for Sgl(]Rd) functions, we only ever differentiate 6N + 2 times, therefore
it does not contradict Assumption 2.1.

We start by stating a few technical estimates required for the main result. The first result states
that the moments of all order of the continuous process (X (t));>o are all uniformly bounded in
time. This result is a minor modification to Kopec (2013, Proposition 2.2). The proof is added in

Section 5.1 for completeness and simply consists on adding the dependence on f.

Proposition 5.1 (Moment Estimates on the Continuous Process). Let 9 € R? and (X (t))i>0
satisfying (1.3). Under Assumption Assumption 2.2, for each p > 1 and 0 < vy < 2m, there ezists
a positive constant C, such that

E (\X(t)]Qp) < C, (Jwo|® exp(—t) + 1), V> 0. (5.1)

10



In particular, we have the recursive formula for Cy,

2p 1
= 2pb + —(d +2p — 2 _ 1,1 — 1
Cp max<<p + 5( +2p ))Cp 1+1, >max<2pm%, >,

where we observe C), is on the order of O((d/B)?).
Before the next result, we will state a technical lemma from Raginsky et al. (2017, Lemma 3.1).

Lemma 5.2 (Quadratic Bounds on f(-,2)). Under Assumption 2.1 and 2.2, for all x € R? and
z € Z, we have
IVf(z,2)| < Ml|x| + M,

and
m b M
§’$|2 - §1Og3 < flz,2) < 7\$|2 + My |z| + Mo,

We will need the similar estimates for the solution of the discrete equation as the ones obtained
in (5.1). For this proof, we followed similar arguments from Raginsky et al. (2017, Lemma 3.2) and
(Kopec, 2013, Proposition 2.5).

Proposition 5.3 (Moment Estimates on the Discrete Process). Let o € R% and (X3)ren be the
2m

discrete Langevin algorithm satisfying (2.3). Under Assumption 2.1 and 2.2, if we set 0 < n < 575,
then for each p > 1, there exists a positive constant C), uniform in k, such that

E (ka\2p> <, (Jzol® +1), Vk>0.

The proof can be found in Section 5.2.

The moments estimates, together with the Markov property, are used to extend the local analysis
to the global analysis. The next result corresponds to a small modification of Debussche and Faou
(2011, Theorem 3.2), where we need to apply a moment estimate using Proposition 5.3.

Before we state the result, we will define the semi-norm

ik = sup  sup [ad(z)|(1 + |z[F) 7.
aeN?d  zeRd
0<|| <1

This next result is key to developing the modified PDE (3.3), as we prove an asymptotic
expansion of the discrete time SGLD process (2.3).

Proposition 5.4 (Asymptotic Expansion for SGLD). Let ¢ € ngl(Rd), then for all N € N

there exists an integer lonyo such that ¢ € C2N+2(Rd). Let { Xy} ren be the discrete time SGLD

lant2
algorithm from (2.3). Then for every integer j > 0, there exist differential operators A; of order
25 with coefficients from C’ggl(]Rd), such that for all integer N > 1 there exist constants Cn and
integer o depending on N and the polynomial growth rate of F,(-) and its derivatives, such that for
2m

all n < 575 we have

N
Ep(X1) — > 17 Ajé(x)| < O™ (1 + [21") |0l s2tonser Vo € RY
=0

where in particular we have Ag = I and A1 = L.
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The proof can be found in Section 5.3.

The rest of the results will follow directly from the steps of Kopec (2013), which is an extension
of Debussche and Faou (2011) from a torus to RY. We will sketch the steps here, and check the
conditions that leads to the results of Kopec (2013).

Specifically, we will construct operators {L;};cn such that the operator

E::L+77L1+"'+77ij+"'7

satisfies the following identity in a formal sense
> ¢

exp(nl) = %(L+nL1+n2+L2+-~)Z:anAj. (5.2)
=0 =0

Observe that it is sufficient to the coefficients to each term of the power series, i.e. 7/. Using a
formal series inverse approach from Hairer et al. (2006), we obtain the following formal equivalence

J
By
LJ - A]+1 + Z ﬁ Z Ln1 e LngAng+1+1 9 (53)
=1 ni+-Fngp1=n—~

where {By} are the Bernoulli numbers.
Using this construction, we can define the following modified PDE as before in (3.3)

ov

— =

ot
such that we can write the formal solution as

U(777 .CI?) = €n£¢(x)'

Using the formal equivalence for the operators in Equation (5.2), we can obtain the formal
equivalence of the solutions as well, i.e.

L, + nLl,z + 7]2L2,z +-- )'U, U(Ov ZE) = ¢(.’E), (54)

v(n,x) = € ¢(x) = Y 0 Ajd(x) = Eu[d(X1)| Xo = 2.
j=0

Finally, we can study the stationary distribution m, = u,p, by writing down the adjoint equation
that u, must satisfy
L iy = 0,
where L£* is the adjoint operator with respect to pj.
While the above construction is formal, Debussche and Faou (2011); Kopec (2013) made these
statements precise for truncated series by proving error bounds with the desired order in n. In
particular, the same authors constructed the truncation by the following decomposition of 7Y

T = papty = pa(L+np+ -+ 0V pn), (5.5)
and if each py satisfies the Poisson equation

k

Ly ==Y Lip—s, (5.6)
=1

then we can show that
(L* +nLi + -+ 0V L) = O(n™N*),
which is sufficient close to the desired truncation to preserve the order of approximation error.
To summarize, we will restate and prove the main result of Theorem 2.3.
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Theorem 5.5 (Approximation of SGLD). Suppose f(z,z) satisfies Assumption 2.1 and 2.2 with
order of approzimation N € N. Then there exist positive constants C,\, ¢’ (depending on N ), such
for all step size 0 <n < % and z € Z", we can construct a modified stationary measure w2, with
the property that for all steps k > 0, initial condition Xo = x, and test function ¢ € CENH(RUZ),

the following approzimation bound on the SGLD algorithm { X }i>o0 (2.3) holds

| Ea6(Xi) =72 (9) | < C (972 4 0) (14 1a)” 16 = pa(@)lonrac. (5.7)

In particular, the above result holds for ¢ € {F, F,}.

Proof. 1t is sufficient to check that we have all the technical conditions to use the main result of
Kopec (2013, Proposition 5.4).

We start by checking that the modified flow result of Kopec (2013, Theorem 4.1) only requires
the asymptotic expansion result of Proposition 5.4. In particular, the only difference between our
results are the construction of the operators {A;}. Since all the definitions of {L;} are in terms of
{A;}, the result follows by the exact same proof.

Next we observe that Kopec (2013, Proposition 5.1 and 5.3) does hinge on any earlier technical
estimates.

And finally the construction of the invariant measure in Kopec (2013, Proposition 5.4) relies on
the above intermediate results, and additionally requires bounding the discrete moments E|X} |
given by Proposition 5.3. Specifically, our discrete moment estimate replaces Kopec (2013, Propo-

sition 2.5). Therefore, the result follows from the same proof.
O

5.1 Proof of Proposition 5.1

Proof. Let N € N be a positive integer, and we define the stopping time
v =inf{t > 0:|X(¢)| > N}.

We will prove by induction both the main statement (5.1) and the following: for all p € N
positive, 0 < v < 2m, there exists a constant C},, > 0 such for all ¢ > 0 we have

tATN
IE/ | X ()| exp(ys)ds < Cyp (|zo|*” + 1 + Eexp(y(t A 7n))) - (5.8)
0
To prove the case for p = 1, we start by making the following computation
2d 2d
Llz|* = —2(x, VF,(x)) + 7 < —2mjz|* +2b + 7 (5.9)

where we used Assumption 2.2.
Next we let 0 < v1 < 2m, and apply [t6’s Lemma to
| X (t A 7n)|? exp(y1(t A Tn)) we obtain V¢ > 0

X (A7) Pexp(n(t ATn)) =X (0)2 + 3 / X () explyas)ds
" /o L(IX(s)?) exp(m15)ds

+/0 w 2X(s) exp(y18)dW (s).
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Using the fact that stopping at 7y bounds all terms of the integrals, we have that the final
stochastic integral is a martingale. Next we take the expectation and use the above computation
to get Vt > 0

t/\TN
E| X (t A TN)|2 exp(71(t A7n)) < |:E0\2 + (- 2m)IE/ |X(5)\2 exp(y18)ds
0
an i (5.10)
+ (2() + 5) E/ exp(v1s)ds.
0

Since 71 < 2m, we can drop the first integral term. Next we use Fatou’s Lemma on the left
hand side, and Monotone Convergence Theorem on the right hand side to get Vt > 0

20+ %
exp(71t),

E|X(1)]” exp(y1t) < |aol* +

which proves (5.1) for p = 1.
To prove (5.8) for p = 1, we return to (5.10) and move the term (v, — 2m) to the left hand side
and use the estimate above to get

2d
2b + B

tATN
(2m — 71)E/ | (s)? exp(rs)ds < ol + Eexp(11(t A 7n)).
0

This implies we have the constant

20+ % 1
C1 = max ;1] - max <,1> .
gl 2m —m

Now we prove the induction step for p, assuming the results (5.1) and (5.8) holds for p — 1.
Similarly we make the following computations

Vz[? = 2pla* 2z,

(V- V)2 = 2pla*"2d + 2p(2p — 2)|a|*~(z, 2),

2
Liz|? = —2p|z[?P~2{z, VF,(z)) + Fp(d +2p — 2)]a|?P 2
2
< —2pml|z|?P + 2pbz[P2 + Fp(d 4 2p — 2)af 2,

where we used Assumption 2.2 in the last inequality.
Then we can apply Itd’s Lemma to | X (t A 7n)|*? exp(y1(t A 7)) for some 0 < v < 2m to get
that Vi > 0

E’X(t A\ TN)‘QP exp(’yl(t A TN))
tATN

IATN
= |2o[? + ME / exp(11)| X (s)|2Pds + E / L(X ()2) exp(ns)ds
0 0
2 B T 2 (5.11)
<lzol + (- 2om)E [ exp(s)|X(s)[ds
0
9 tATN
i <2pb 24 2p - 2)) B[ X explons)as,
0

where we used the above computation to in the last step.
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Using the fact that v < 2m < 2pm, and (5.8) for p — 1, we get that
E|X (t A7Tn)|*P exp(y1(t A Tn))

2
< |x0\2p + (2pb + ?p(d +2p — 2)) Cp—1 (|x0\2p_2 + 1+ Eexp(yi(tA TN))) .

Once again using Fatou’s Lemma and Monotone Convergence Theorem, we have proved (5.1)
for p, with constant

ép = max <<2pb+ 2/5(d+ 2p — 2)) Cp—1+1, 1> )

To prove (5.8), we return to an earlier step at (5.11) and using the above estimate to get

t/\TN
(2pm — 1)E / X ()| exp(ys)ds
0
< Cp (Jzo|® + 1+ Eexp(ni(t ATn))) -

This completes the induction proof with the constant

C,=Cymax | ———,1
P P <2pm—71 )

oo ) 10} )

Pm—’Yl’

5.2 Proof of Proposition 5.3

Proof. We start by showing a basic inequality: for every I € N* e > 0, there exist a constant
Cle > 0, such that for all x € R? we have

2200 < ez + . (5.12)

The result follows from the fact that |22~ = €z|* when |z| = ¢!, and therefore it is
sufficient to choose Cj, = ¢ 2071 to satisfy (5.12).
Next we consider expanding E| X}, 1| directly

E|Xpp1|*

=E ‘Xk — Vg, (Xg) — \/2’?&:

p
—E <\Xk gV (X0 + ?rﬁkﬁ 9 <Xk Y Fy (X)), \/?@)

! . J 2 :
=B > e - aVEL (X @7'5’“’2) (-2) <Xk—nVF<k<Xk>’\/§fk>-

i+j+l=p

2p
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Here we observe that whenever [ is odd, the term has zero mean due to an odd power of &.
Therefore using the Cauchy-Schwarz inequality we get

2 p! o (27, 2V oo
Bl SE Y R - gvr Pt (Bar) 2

A1)
i ilgl(20)!
= E|X) — nVF¢, (Xp)[* (5.13)
p! 2(i+1) 20, 2 T 21
+ Z m|Xk_77VFCk(Xk)‘ ﬁ‘fk‘ 2
it 2=p SRS
1>

Then we observe after replacing the index [ with 2[, whenever ¢ # p, we have that i +1 < p, so
we can isolate the only term with | Xy — nVFp, (Xg)|?P. At the same time, since [£;|*> ~ x4, all the
moments are bounded. This implies we have for all ¢ + j + 2] = p,7 > 0 we have

B, X = g E (X0 (g ) o
TP TG L A B Ik
= O| Xy — nV Fg, (Xg) P00
< Cel Xy — NV g (Xp)[* + Cagiay e
where Ey, denotes the expectation conditioned on Xj, and € > 0 can be chosen arbitrarily small
using (5.12).
It is then sufficient to control the terms of the form | Xy — nV F, (X)|*?
[ Xk =V Fo, (Xi) [P = (Xi = 0V Fe, (Xn), Xi =V Fg, (X))
= (1X1? + 0|V F (Xi) [ — 20(X, Vo, (X)))"
2, 2 2 2 P
< (1P + 0% (M Xe] + M1)? — 2mm] X2 + 200
= ((1 = 2nm + n* M?)| Xy [* + 20 MM Xi| +0* M + 20)”
where for the inequality we used Lemma 5.2 and Assumption 2.2 on Fy, (). We remark that this
is possible since F¢, (z) = nib > zec, [(@,2), and clearly an empirical average satisfies the same
properties.

At this point we can use the condition 0 < 7 < 2% which implies we can get r := (1 — 2pm +
n?M?) < 1. Now we separate into two cases, first when 0 < r < 1 we have

| X5 — NV, (Xg) [P < 1P| Xg|P 4 Ce| Xi [P 4+ C < R X3 + C,
where we used (5.12) with e sufficiently small such that 0 < R < 1.
In the second case when we have r < 0, observe

0 < | X —nVE;, (X3)|? < r|Xp* + C|Xi| + C < C|Xi| + C.

From here we can use (5.12) again to control the coefficients such that for some 0 < R < 1 we have
the same desired result
| X — nV Fe, (X3) [P < RIX3|*P + C.

To complete the proof we return to (5.13), and rewrite the terms as

E|Xp41/? S REXi’p+C+ > eCi BIXi|* + Cijie

i+j+2l=p
i>0

< RE|X.|* +C,
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where we choose e sufficiently small such that 0 < R < 1. Then we can simply expand the Xj
terms recursively to get

k+1 =~

- . ¢

E’X}H_l‘zp < Rk—H‘ZCo’Qp—i- E RZC < ’.1‘0|2p—|—
=0

1-R

é~
1-R’

where choosing C), = max ( 1) leads to desired result from the statement.

5.3 Proof of Proposition 5.4

The proof to construct an asymptotic expansion of E¢ (X}) follows along the lines of Debussche

and Faou (2011), for any ¢ € ngl(Rd). Before we start the proof, we define a continuous time

process X (t) corresponding to the discrete SGLD algorithm {X}} as the following

X(t):=Xp — (t— kn)V Fe, (Xk) + \/Z(W(t) —Wi(kn)), ¥te lkn,(k+1)n). (5.14)

This leads to the following SDE representation

dX (t) = =V F¢, (Xg)dt + \/gdW(t), vt € [kn, (k + 1)n)],

where most importantly when 0 < ¢ < 7 we have the infinitesimal generator L only depending on
the initial condition Xy = x

d

Z($7CO)¢()?(t)) Z 8FCO( +Z &zd)

=1

and furthermore we also have Ez(aﬁ, Co) = L(z), since the subsample gradient VF, is an unbiased
estimate of the true gradient VF,(z).

Proof. To start the proof we apply It6’s Lemma on (;5(5((15)) for 0 <t <7 to get

P(X (1)) =<25(:U)+/0 L(zx,¢o)o ds—i—Z/ \/> 10(X (5))dW(s). (5.15)

Here we define the operator
2
Roﬂ'(a}) = \/;61,

and continue to expand by applying (5.15) on 8;¢(X (t)) and 9;;¢(X (t)) to get
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/ E:&J@ %ﬂd>mwd@m—&ﬁam;mmm@@mwz

i1,02=1

/ Z 5@2Fg0 )0iyivin (X (52)) + /81231‘12‘11'2@'2¢>()z(82))d82

11,i2=1
2 > 1 /2 ~ i
+ Z / 811FCO \/;aqub(X(SQ)) + B\/;8111122¢(X(52))dw 2(52)'
11,02=1
Here we can define

Ay(z, o) = N(»”U )5

~ 1

As(, Qo) = Z 821FC0 812FC0( 2)0iyiy — ailFCo (x)BailiQiQ

i1,40=1

1
+ Z awFCo 2)Diyivis + @aiﬂ'liﬂ'zﬂ

i1,i2=1
~ 2 1 /2
Ry, (@, Co) = Z =0 Feo (@ \/78“1'2 + \[am'm,
= e BV B

which would lead to

S(X (1) = olx) + A (3, Go)ob / / Ao, Co)d (X (s2))ds

+ Z/ / Rl Jio .%' (0 ( (SQ))dWZ2(82)d81

i2=1

+ Z/ Roi, (X (s1))dW™ (s1).

i1=1

At this point we observe that the last two integrals are local martingales, therefore a localization
argument can remove them in expectation. To be precise, we will define the stopping time 7. :=
inf{t > 0:|X(¢)| > ¢} for some ¢ > 0. Therefore we have that

E(X(t A7) = () + (¢ A7) Ar(2) +E/“”/ An(@)9(X (s2))dso.

where A;(z) = EA;(z, () is the expectation over the subsampling randomness (.
Here we observe that As(x) is a 4™ order differential operator, with C5°(R%) coefficients, since
we have |0;F¢,(x)| < C(1+ |z|) from Lemma 5.2. Therefore with N = 1 we have

[Aa(2)$(X (52))] < O(L+ [2*) (1 + [ X (52)[2¥42)[Blan+2.10 10
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for some lon 1o satisfying the Proposition statement.
Now applying the moment estimate from Proposition 5.3 with 1 = s we have that

E(X (t A7) — d(x) — (t ATe) Ar(2)d(x)
< CEAT) (L [2*) (1 +E|X (52)]252)|dlan 2151

< Oy (1 + |2|%) [@l2aN 42,15 100

where o = lon10 4 2, and we take NV = 1 here. And since we can take t = 1 and ¢ > 0 is arbitrary,
we have proven the Proposition statement for N = 1.
For the general statement, we will prove inductively the following statement for all N

$(X (1) =(x) + tL(z, o)¢ +Zt A, o) ()

t
—l—/o / Ani1(2, )X (sn41))dsngr - - dsi (5.16)
N
+ZZ/ / i (2, C0)A(X (8541))dW(sj41)ds; - - - dsy.
7=0 i=1

Assume the above statement is true for N, with AN+1(ac, Co) and ZA%/N’i(x, (o) are known, and we
will proceed to prove the case for N + 1.
Here we start by decomposing An41(z,(p) into

Ay (@, o) = ZAN—H z, )k,

where k € N* are multi-indices, and each A, +1(50) € C’OOI(]R”Z) since they are products of 0; F, (x)
and 1.
B

Then we similarly apply (5.15) to each of the terms A (X (sny41)) to get
Zz%{v_i_l(a:, C0)3k¢()?(31v+1))
k

=3 A (2, Q)b ()
k

SN+1 d

+ Z/o Z AL (2, C) (0 ey (%)) 00k (X (sv42) ) dsn
k =1

SN+1 d

+ Z/ ZZl]{\u_l(xaCO);aiial<¢()?(sN+2))dsN+2
k /O i=1
d SN+1 __ 2 ~ .
+ ZZ/ Alfv+1(%40)\[B@EJ’W(X(SNH)WWZ(SN+2)‘
k i=170

This implies the following definitions

Anyala.Go) ZZANH (2, Co) (—; Fry (2)) 0,0 + fT‘ml(a:,co);aﬁak,

k =1

RN+11 z,(p) : ZZANH \/gaiaka

k =1
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which implies all coefficients of Ax(-, (o) are in C%P(R?), hence we obtained the result from (5.16)
with N + 1.
Using the same localization argument for N = 1, we can obtain the desired result.

6 Uniform Stability: Proof of Theorem 2.4

6.1 Proof Overview

To help make the lengthy proof more readable, we start with a high level section outlining the key
technical Lemmas containing the most important high level ideas.

6.1.1 Notations and Steps of the Proof

Without loss of generality, let ¢ be the differing coordinate between two data points z and 7, i.e.
z=(21,...,%,...,2n) and Z = (21,...,%;,...,2n). We will add the subscript z or Z to make the
dependence on the data explicit, for example Ly, pig 5, G 2, 7N etc. We also define z() := zN7Z as
the common set of data, and let

n

[z, z5).
=15

1
P =

Thus F, = F,u) + %f(ac, z;) and we define a new Gibbs probability measure p,u) as

Pg(i) = ﬁexp(—,BFZ(i)),

where Z() = Jga exp(—BF, )dz is the normalizing constant. Finally, we define Radon-Nikodym
derivatives of p, and pz with respect to p,a)

on_ 22 oxp (2100, r_ 2 o (-L1)
. i = ex _— ,fL"ZZ' N = = = — X —_ l’,z@' 3
qz; dp o 7 P n Az dp 7 p n

where Z is the normalizing constant for pz, so that we can write p, = p,1)q; and pz = p, ) ¢z

In this section, we prove a uniform stability bound for the modified invariant measure 7). This
will imply a generalization bound on 75 using Proposition 3.2. The result is given below.

Theorem 6.1 (Generalization Bound of 7)). Suppose { Xy }r>o0 is any discretization of Langevin
diffusion (1.3) with an approzimate stationary distribution T of the type in Theorem 2.3. Then
there exists a constant C > 0 (depending on N ), such that for all choices of k,n and n € (0,1) the
following expected generalization bound holds

(6.1)

where the expectation is with respect to z ~ D™.
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From Section 5, we recall the invariant measure 7Y is constructed inductively using the terms

Wiz (5.5), and each terms py, , in the asymptotic expansion satisfies a Poisson equation in R? for
the elliptic operators L, i.e. for all £k > 0 we have

Lzﬂk,z = Gk,z> (62)
Lzpkz = Gz (63)

The main idea of the proof relies on comparing the different of solutions for the pairs of Poisson
equations in R?. We will breakdown the proof of this result into several steps:

1. Sufficient condition for uniform stability and spectral gap: We derive a sufficient condition
for uniform stability, reducing the problem down to studying the pairs of Poisson equations
separately. Using the common Gibbs measure p, ), we provide bounds on the desired norms
using a spectral gap on this measure. Standard results guarantee the existence of a spectral
gap of size A’ > 0 for the measure p,(;) and equivalently a Poincaré inequality with constant
X. This result will be used to derive the following energy estimates.

2. Zeroth-order energy estimates: We give a further sufficient condition for uniform stability on
the non-homogeneous terms Gy, and Gy ,. The bounds are obtained using standard energy
estimate techniques for the Poisson equations (Evans, 2010, Section 6.2.2) and the Poincaré
inequality:.

3. Higher order energy estimates: We complete the proof by proving that the sufficient condition
from the previous part holds, as Gy, , is defined recursively from p; , with I < k. This requires
us to obtain higher order energy estimates using similar techniques.

6.1.2 Sufficient Condition for Uniform Stability and Spectral Gap

We provide a sufficient condition for uniform stability, which allows us to reduce the problem to
finding a bound on the difference piy, 59, — pr 247

Lemma 6.2 (Sufficient to Bound L? norms). A sufficient condition for uniform stability of ¥ is
if for each k =1,..., N, there exist a constant C,, > 0, independent of data and n, such that

2 Chu

a2tz — przdzll 2 ) = [/Rd(uk,zqzi — 1k z0z) dp, | < . (6.4)

The proof can be found in Section 6.4.
An important tool is the following Poincaré inequality for the space C*(R?) N L2(p, ). We will
use this Lemma to derive energy estimates and obtain uniform stability bound of order O(1/n).

Lemma 6.3 (Poincaré Inequality for p,«)). There ezists a uniform spectral gap constant A’ > 0 so
that, for every 29 € 2" and every function u € C*(R?) N L%(p,w),

1
/Rd udp,i = 0= /Rd [ul? dp,) < )\,/Rd Vul® dp,).

Proof. The proof follows the same argument as in Raginsky et al. (2017, Appendix B), using
Lyapunov functional techniques developed by Bakry et al. (2008). Assumption 2.1 and 2.2 are
sufficient to guarantee that X' > 0 for p,u. O
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6.1.3 Zeroth-Order Energy Estimates

Based on Lemma 6.2, we must prove an inequality of the form (6.6). Our approach is based on
energy estimates for the solutions to the Poisson equations (6.2) and (6.3). The following Lemma
simply states that if the difference G}, ,q., — G zqz; is of order O(1/n), then inequality (6.6) holds,

and the measure 7Y is uniformly stable.

Lemma 6.4 (Zeroth-Order Energy Estimates). For all k > 0, assume there ezists a non-negative
constant Cg, such that

Ca,
HGk,zq,zi - Gk,ZQzTHL2(pz(i)) =, .
Then there exists another non-negative constant C,, such that
om
||Hk;7zqzi - Mk,iquHL2(pz(i)) < T

The proof is can be found in Section 6.5.

6.1.4 Higher Order Energy Estimates

To complete the proof of Theorem 2.4, we need to show that the sufficient condition in Lemma 6.2
holds. This implies we need to control the L? (p,:)) norm of the difference Gy, zq.;, — G, z¢z for all
k > 0. Let us recall that by definition G}, , := — Z]Z:l Ly ,ptk—¢ 7, which lets us write

k
G2z — Grzlz = — Z Ly pltk—,292 — Ly ztin—020=
—1
k
== (L} gth—talz — Li gitn—t20z) + (Lj, — Lig) ih—r205 (6.5)
=1
k
=: — Z TI,Z + T27€ .
—1

Note that in the above expressions all operators Ly, only act on the smooth functions p and not
on q.

To control T, notice that all operators LZZ can be written in non-divergence form with
> (RY) coefficients.

pol
Lemma 6.5 (C’gg](Rd) Coefficients). For all £ > 0 and o € N%, the operator Ly, has C’ggl(Rd)
coefficients. I.e. there exist functions ¢gq € ggl(Rd) such that we can write
Li,= Y.  ¢ral@)da.
0<|a|<2042

The proof can bound found in Section 6.9.
It is easy to see that a control on the terms T3 ¢ directly follows from the following Lemma.

Lemma 6.6. For all { > 0, there exists a differential operator Ee = Eg(ﬂ?) of order 20 + 2 with
ggl(]Rd) coefficients, and independent of n, such that we can write
1o e g
n y4 0,z 0z "
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Furthermore, for all { > 0, ¢ € Cgf)l(Rd), and oo € N9, there exist non-negative constants Ct,60,
depending on the L? (p, ) )-norm of px_g¢z and its derivatives up to order 20 + 2 + |a|, such that

Co,p0
< Z50%:
() = n

[600a((L; 2 — Liz)tn-e2)0=

The proof is done by induction on the recursive construction of the operators A; and L;. All
operators are linear in the potential function F, and Fy. The full proof is in Section 6.10

It remains to control the terms 77 y. From the expression of L, it is clear that zeroth-order
estimates given in Lemma 6.4 are not sufficient to conclude the proéf. we need to obtain estimates
on higher order derivatives with non-constant coefficients.
Lemma 6.7 (Higher Order Energy Estimates). Fiz k € N. If for all ¢ € I‘fgl(Rd), ¢ <k, and
multi-index o € N¢, there exists a constant Cso.c, > 0, such that we have

Cy0,G,

||¢(aaG€,z)QZ¢ - ¢(aaG€,E)QZHL2(pZ(i)) < n

then for all J € N, and degree-J differential operator L with coefficients in C’ggl(Rd) (i.e.
L =3 0<laj<s 9% ()00, where ¢%(z) € C35 (RY) for each |a| < J), there exist a constant Cf,, > 0

pol
such that
CLuy,

HLIU/kyquz - L/’[/k‘yquHLZ(pz(l)) S n *

In particular, the above inequality holds for L = ¢’80/LZZ with ¢ € ggl(Rd), o € N, and

J =20+2+[d|, therefore there exists a constant Cyg_,c, > 0 such that

Cyo,.G
“¢/(8a/Gk7z)qzi _ ¢/(8a/Gk’§)q?i|’L2(pz<i)) < M7

n

hence proving the induction step from k — 1 to k.

The proof can be found in Section 6.8.
Using the above result, we can finally provide a proof for uniform stability.

Proof. (of Theorem 2.4)
We first apply Lemma 6.2 so that it is sufficient to show that for each k& € N, there exists a
positive constant C),, independent of n and data such that

CI»‘k
n

| 1k, — Mk,ZqZTHLQ(pz(i)) <

Then using Lemma 6.4, it is sufficient to show that for all £ € N, ¢ € ngl(Rd), a € N?, there
exists a positive constant Cyg,, such that

C0.Gy
e

|p0a G 202 — ¢8aGk,EQZTHL2(pZ(i)) <

Finally we will prove the above condition using induction on k. Recalling the definition of
Giz = 0 when £ = 0, then the & = 0 case follows trivially. Now assuming the cases 0,1,--- ,k — 1
are true, we follow the decomposition in (6.5), and apply Lemmas 6.5 to 6.7 on the terms ¢09,71 ¢
and @0, 15, for arbitrary ¢ € ggl(Rd) and o € N% This proves the desired control for the
difference ¢0,G}, 2qz; — $0a Gl 24z, hence showing the induction step for k. O

23



6.2 Poisson Equation Results

Before we start the proofs, we will state a result of existence, uniqueness, and polynomial growth
estimate for solutions of Poisson equations adapted from Pardoux and Veretennikov (2001, Theorem
1) and Pardoux et al. (2003, Proposition 1) to fit our assumptions.

Proposition 6.8. Under Assumption 2.1 and 2.2, for Poisson equations of the form
L,u =G,

where fRd Gdp, = 0, there exist a unique function u that solves this equation. Furthermore, if we
have for some constants C > 0,k > 0 such that

G(2)| < C(1+ |z[*),
then for all k' > k + 2, there exists a constant C' > 0 such that
ju(z)| + |Vu(@)] < C'(1+ [2).

We note here that Pardoux and Veretennikov (2001); Pardoux et al. (2003) proved the above
result under much more general conditions, and it is straight forward to verify that our assumptions
fall under a special case of the original result.

To get higher regularity, we will first state standard a higher regularity result from for bounded
domains.

Theorem 6.9. (Evans, 2010, Section 6.3.1, Theorem 3, Infinite Differentiability in the Interior)
Let U C R? be a bounded open domain with boundary OU € C', L be a uniformly elliptic operator
with smooth (C*(U)) coefficients, f € C*°(U), and u is a weak solution of the equation

Lu=f.
Then we have u € C*(U).
We will adapt this classical result to our problem.

Proposition 6.10. Suppose Assumption 2.1 and 2.2 for Poisson equations of the form
L,u=G,

where [pa Gdp, = 0. If additionally F,, G € Cgf)l(Rd) then we have u € ngl(Rd)

Proof. Since we already have existence and uniqueness of solutions for the Poisson equation from
Proposition 6.8, we can restrict the solution u to any open bounded domain U with smooth bound-
ary. Then using Theorem 6.9, on any cover of R? using open bounded domains with smooth
boundary {U;}ics, we obtain that u € C*°(R?).

To show polynomial growth, we will consider an induction on k = ||, where o € N? is a multi-
index. We start by observing that the k£ = 0 case follows trivially from Proposition 6.8. Assuming
the case is true for 0,1,...,k — 1, we will prove the case for |a| = k. We start by computing

O (L Lau+z D (9, L2)(0ayu) = 0aG .

=1 a1taz=a
o1 |=l
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This implies v = d,u solves the Poisson equation

Lyov=G Z > (90, L2)(0asu)

=1 a1taz=«
et |=1

where we define for any ¢ € C*'(R?)
(Oay Lz)p := —(V 0o, Fz, V).

Since all the |ag| < k, then by the induction hypothesis, we have that there exist constants
C,k > 0, such that for all a1 + ag = a, |ag| < k, we have

|0y L2) (Bayu)| < C(L+ J[*) .

Therefore G must also only have polynomial growth. Finally, applying Proposition 6.8 on
v = Oqu, we obtain that there exist constants C’, k' > 0 such that

[Oaul < C'(1+ "),

which is the desired result.

6.3 Moment Bounds for p,, p,x
Lemma 6.11. For all k € N, we have that

/Rd lz|*dp, < co.

Additionally, by absorbing any factors of the type ”Tfl or "TH into B, we have for all ¢ €

Cha®?),
10l 220, i) + 110Gzl L2, 1)) + 10V (2, 20) gzl L2, i)y < 00

Proof. These bounds follows directly from Proposition 5.1, since we can write for even k
/ lz|Fdp, = lim E|X (t)|F < Crsa -
Rd t—o0
For an odd k, we use Young’s inequality to write
|£C|k < C’$|k+1,

for some constant C.
Since ¢ < Cy(1 + |z[*), we have [|¢]| z2(
At the same time, we can write

1 1 ~
qgipzm = 7 &Xp <—5 (Fz + nf(%%))) =p.

Therefore we can obtain a new bound as

p.iy) < O follows immediately.

16a: 1225, ) = I16ll22s) < o0

where the same argument from Proposition 5.1 can be applied.
To complete the proof, we simply observe that [¢V f(z, z;)| € C’I‘)’gl(Rd) and the bound can be
obtained from the previous case.
O
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6.4 Proof of Lemma Lemma 6.2

We begin by restating the Lemma for easier reference.

Lemma 6.12 (Sufficient to Bound L? norms). A sufficient condition for uniform stability of ¥
is if for each k =1,..., N, there exist a constant Cy, > 0, independent of data and n, such that

Cﬂk

1/2
||1uk:,zqzi - /Lk,iquHLQ(p (i)) = |:/ (Mk,zq,zi - Mk,zq,zq;)2dpz(i):| < . (66)
z Rd n

Proof. We start by rewriting the definition of 7)Y using the new definitions

N

N
T =pa Y N lka = Pr D1 Hkat-
k=0 k=0

Using this fact, we can apply the triangle inequality on the uniform stability condition to get

N
sup | | f(@,2)(my — 78 )da| <sup» n* / F (@, 2)p o (1h 00z — 1k 24z7)dae
z2€Z |JRd z€Z 1 R
N
S Sup Z 77k||f(957 Z)HLz(p (z)) ”Mk)Zqzl - Mk,EQTi||L2(p (z))’
z€Z 7 z z

where the last line follows from the Cauchy-Schwarz inequality. Since f(z, z) is has a bound inde-

pendent of z from Lemma 6.11, we can define a bounded constant C7 := sup ¢z || f(z, 2)||12(, )

Using the premise of the Lemma statement, we have

N ~
C C
S Clznk# S R

fz,2)(my —mg )da
k=0 K

R4

sup
zEZ

for some new constant C , hence proving uniform stability.

6.5 Proof of Lemma 6.4

We will once again restate the Lemma.

Lemma 6.13 (Zeroth Order Energy Estimate). For all k > 0, assume there erists a non-negative
constant Cg, such that

Ca,
Pa) =

Then there exists another non-negative constant C,, such that

H Gk,zin - Gk,iQZ‘H[P(

H,Uk,zqzi - Mki%”[?(p (Z_>) ="

Proof. We first recall existence and uniqueness results for Poisson equations from Lemma 6.8.

Lzﬂk,z = sz,m (67)
LZ/'Lk,Z = Gk Z- (68)



Then for all g € C’ggl(]Rd), we can write the weak formulation associated to Equation (6.7)

/Rd _ng,Uk,zdpz = /]Rd —gGk7zd,0Z.

Applying the Green’s Theorem to the left hand side term gives

1 1
[ =otaadpe =5 [ (Vo Vudp =5 [ (V0. iae)dngo.

Since Vg 24z = V(1k29z) — 1kzV (s, We can write

1 1
/ (Vg, V(1k,29z))dpy =/ —9Gk 29z, dp,) +/ (V3, 1k, zVqz,)dp,e) . (6.9)
B Jra R4 B Jra

We proceed similarly for Equation (6.8) and write

1 1
- / (Vg, V(przaz))dp,m = / —9Grz0zdp,0) + - / (Vg, e zV qz)dp,) - (6.10)
B Jra R4 B Jra

We now take the difference of the two integral formulations 6.9 and 6.10. Applying the Cauchy-
Schwarz inequality in L? (p,q)), we get

1
3 /R d<Vg,V(uk,zqzi — [kz20z7)) AP0
1
= /Rd —9(Gr2qz — Grzz)dp,e + 3 /Rd<v97/ik,zv¢hi — 1k zV =) dp,e)

1
<lolizap o)) 1GRatz = Gragzlliz, ) + 3 Vol oy likaVas = mezVazllz g, ) -

(6.11)
Taking g = ik 292, — Hkzqz and using Lemma 6.3, on the spectral gap for p,u), we obtain that

Poi))

1
51V ke, = i) o

P,0))
1 1 (6.12)
< 3 1Gkats — Gratzllzg, )+ 3 2V az; = pezVaslliz(, ) -
From the assumption in this Lemma and from the equality
_ B
V(]Zi - TVf(g% Zi)qzm
we conclude that
BCq 1
IV ekt = 39 2 ) S 572+ Bl (613)

where h = py .V f(2,2i)qz, — e zV f(2,%)¢z, and we can use Lemma 6.11 to bound the norm of

h. We conclude the proof using the Poincaré inequality.
O
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6.6 A Couple of Corollaries

Corollary 6.14 (Generalized Zeroth Order Energy Estimate). If u,, uz, G4, Gz are known functions
that satisfy the pair of PDEs

Lyu, = Gy,
Lzuz = Gz,

and there exist constants Cz > 0,Cq > 0 independent of data and n, such that

/ Uzdps — / uzdpz
R4 R4
Ca

HquZZ - qu?i"LQ(Pz(i)) < 7 :

C-
Siua

Then there exists a new constant Cy, > 0 such that

Cy

Huzqzi - UZ%HLQ(/}Z(”) S 7 :

Proof. Observe the only condition from Lemma 6.4 that we fail to satisfy is that w := fRd Ugzdp, # 0.

As aresult, we need to use the Poincaré inequality on the centered function, i.e. for all g € CS&(Rd)
we have )

2 —12 —\2 2 —\2
Letting g = u,q,;, — uzqz;, it is then sufficient to bound (g)?. To complete the proof, we can
rewrite g to match the assumption

2 C- 2
(?)2 = (/ Uzqz; — quZidpz(i)> S <u> y
R4 n

which gives us the desired bound of

C: _+C2

ltzgz; — uiqﬁ@?(&@ﬂ = 2 ’

n

where C,_7 is the same as €}, from Lemma 6.4.

O
Corollary 6.15 (First Order Energy Estimate). If there ezist a constant Cg, > 0 such that
Ca,
1Grzz — Gk,EQZTHLQ(pz(Z—)) < P
then there exist new constant Cy,, > 0 such that
Cv
IV ik = Vi zazlliz o)) < —
Proof. We start by using the product rule Vi, »q:, = V(g 292,) — 1tk zV a2, to write
IV 2z = Vinagz e ,)
<V (pk 2tz = treztz)l20, o) + 11002V €2 = 162V @zl 2204 (6.14)

=Ty + Ts.
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Now observe that in the proof of Lemma 6.4, we already proved a bound for T1 = |[Vg|[12(, )

which we can write as

(A)2Ch,
n

T <

To control Ts, we simply need to compute Vg,, = ;’BVf($, 2i)qz, to get

n

B _
T, < ;Huk,zvf(%ﬁ 2i)0z — ez (2 Z) ez 2, )

Denoting h = |y 2V f(x, 2:)qz; — 1z V f (2, Zi)¢z;|, we can put the two bounds together and get
the desired result

(X)Y2C, + BBl 12,

IVik 2z = Vikagz 2, ) < - ;

where we can provide a bound on h using Lemma 6.11.

6.7 Energy Estimate with Weighted Norm

Lemma 6.16 (Energy Estimate with ;gl(Rd) Coefficient). If for all ¢ € ggl(Rd) there exists a
constant Cyq, > 0 such that

C¢Gk
n

160G k.2z — dGragz 12,

then there exists a new constant Cgy,, > 0 depending on ¢ such that

C¢Mk
.

H@ik,zqzi - ¢Nk,ZQ7i||L2(pz(i)) <

Proof. Step 1. Reduction to a Recursive Argument on the Polynomial Degree
We will start by making the observation that since ¢ € ngl(Rd) there exist constants Cy >
0,k € N such that
d
(@) < Cy [ 14+ 3 Jayle | = d(a).

j=1
Then observe it is sufficient to bound the case where ¢ () is exactly a polynomial of the &5\(3:) type,
i.e.
opnadz — Orzdzlliz o, ) < N0k atz — preztz)l2)-
The choice for the form of $ has a couple of advantages. Observe that for any first order
differential operator 0;, we have that |0;¢| = C¢k¢]a:j\k¢_1 only depends on a single coordinate.

Furthermore, ]8;% ol = Cy(kg!) is also a constant.
This implies it is sufficient to prove a bound of the form

[T —— 2622, o)

Q

< 1

+Cop > IV (050 ttk s — ti1205) |22
; (P (6.15)

+C37¢ZHV ,Uk zdz; — Mk ZQZ))HL2(p @)
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Observe that since aja, 8?5 are lower degree polynomials, we can recursively apply the above

bound to all terms involving quS until they vanish, hence recovering the desired result using Lemma
6.4. In particular, when $ is a degree-1 polynomial, the result follows directly from (6.15). From
this point onwards, we will assume without loss of generality ¢ is a polynomial of the form gg defined
previously.

Step 2. Energy Estimate

To prove the desired bound in (6.15), we will follow the same proof structure as Lemma 6.4,
and write down the weak form of the Poisson equation in terms of the quantity we want to bound.
To start, we will first compute

1
(A(bﬂk,z + 2<v¢a v/“ﬂ,z) + ¢Aﬂk,z)

Ly(birz) = — (VI V(durz)) + 3
= GLatis + bkl + 5V, Vi)
= 6Gia + aLad + (V0. Vi)
Then we once again write the equation in integral form for any test function g € ngl(Rd)

1
3 /Rde, V(otk,z))dps

2
= /R ) ~ 990Gk s — Glikz Lz — BQ<V¢, V ik z)dpy,
1 2
- / 96+~ (V(gta), V) — (Vb Vpikm)dps
Rd B B
1

1
= /Rd _gd)sz + 7<Mk,zvga V¢> B(gv;%z, v¢>dpz7

8

where we used Green’s Theorem in the third line above.
In the same way as Lemma 6.4, we will use the product-rule to write V(¢pr.2)qz = V (Ot 29z, )—
OUkzVqz,;, and get the equation in the following form

1
IB/Rd<v.97v(¢ﬂk,zq,zi)>dpz(i)

1 1 1
= | —90Grztz + = (k20 Vg, V) — = -
/Rd 90G 2q Bwk,q 9,Vo) 3 5

We can choose g = @ik 292, — 1247, and taking the difference with the z equation to get

<gv/‘kz,zq,zm v¢> + <Vg, Qbﬂk,QOzi)dpz(i) .

1
/ (Vg,Vg)dp,u =/ —9P(Gr 20z — Grzqz)dp,0)
B Jrd Rd
1
+ / (Vg(tr,2qz — trzqz), VO)dp,a
B Jra
1 1
- E R <g(v/1k,zq,zi - v/lkiq,zT), V¢>dpz(¢) (6 6)

1
+ = / (Va, o1i 2V @z — dpnzVaz)dp,e
B Jra

=T+ 15+ T35+ Tj.
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Step 3. Controlling Terms 17,75,75,1Ty
Since g := fRd gdp,i) # 0, we need to use a modified Poincaré inequality, namely

1 _
||9||%2(pz<i)) B V”ng%Q(P,m) + ()% (6.17)
Observe that we can apply the Cauchy-Schwarz inequality to g and get
9] < /R Nl 2z, — przazldoye
= HﬁbHL?(pz(i))Hﬂk,zqzi - Mk,ZQTi||L2(pZ(i)) (6.18)

C

k3

where we used the result of Lemma 6.4. Here we note the norm of ¢ can be bounded using Lemma
6.11.
Returning to (6.16), we will control T} using Young’s inequality and the assumption, i.e.

¢ 2
Tl < 2 HgHL2 >) —+ %H¢(Gk,zqzl - Gk,iqz)”L%pz(i)) ( )
6.19
2 2
+ L%WHQ + @CGJV
= ) 2¢, n2 T ,m) T g 2

where we also used the modified Poincaré inequality (6.17) above with the |g| bound.
To control T, we will apply Cauchy-Schwarz and Young’s inequalities to separate Vg, i.e.

1
T < / V011 (1 2e: — it 2050) Vbl
Cy2 2
<o 25 IVglZ2(, ) %”(Mk,thi — Mk,EQZ)Vﬁb“Lz(pz(i)).

To convert to the desired form of (6.15), we observe

| (k202 — MkviqZ)v¢“%2(pz(i>)

d
N /Rd D (0;0)* (k2= — 1kz0=) dpy0
j=1

d
= Z 106 (k2020 = 15072,

d 2

C
Z 19kt — izt ey, ) + 105003, )
1

where we used the modified form of the Poincaré inequality (6.17) and the bound on |g|. Putting
everything together, we have the following bound

C
Tg_wuwupm + ”Z V(@ (hats — mrat=)) 1o, )

(6.20)

d
Y 001,
j=1
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To control T3, we will apply a similar approach as T5. We will start with Young’s inequality to
isolate g first

T3

IN

1 Lo Cy 2
+ \V/ - — Vg zqs, VoYdp, .
B Jra 2¢y, g 9 ( Hk,zqz; Hk,z4z; o) Pz ()

1 2
SQCySW\IVg\Isz(>)+ IV bk 2z = Vikaaz! VOllLa, )

Next we can rewrite in terms of a sum again

d
11V bk iz, = Virzasl VOllZa, ) = D N06(Vimatz, = Virzas) 72, )
j=1

Using the product rule, we can write
Vitg 242,00 = V(lk2q2050) — 1k,2V (q2,0;9),
then we use the inequality (a + b)? < 2a? + 2b% twice to write

10;6(V biradz, — Viikztz) 72, )
< 2|V(0; k.20 — ajWk,EQzT)H%z(pz(i)) + 2[| k2 V (q2,050) — Mk,av(%aj?f))”%%&u))
< 2||V(0; k29, — 3j¢ﬂk,z¢]z7)”%2(pz(i)) + 4| (e 2V — Mk,EquT)@jébH%Q(pzm)

+ 4[| (pk,292 — Hk,i%)vaj¢“%2(pz(i))'

Recalling Vq., = q.,~~ 557 f(x, z), we have

1.2V s = 122V a0, )

IN

B _
(s, V(. 20) = 120z (@, 70)9;0l 72,
,82

ﬁ”hl,j

2
L%(p_(5))"

Since 0;¢ is only a function of z;, we also have

”(/‘Lk,zqzi - Mk,ZQZ)vaj¢||%2(pz(i))

C2
< LIVt — eas) D) g, + 1020,

Putting everything together, we have the following bound

1 2
T3 S 2Cy3)\/,6|’vg|’L2(p ()) + Z2Hv ]¢,ukzqzl _8‘7¢/’Lk72q2)||[/2(pz(1))
(6.21)
C?J3 4 2\ (12 4Cl2Lk
Z n2 th,JHL2 (P, () y”v((ﬂ'k,z(hi - Mk7ZQT¢)8j ¢)|‘L2(pz(i)) + n2 )
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which satisfies the desired form in (6.15).
Lastly we have control over T due to the computation Vg,, = qzi%ﬁVf(a:, z;), which leads to

1_ 8 _
T, < / L 9012 60V £, 22) — 112052 F (7))o
Rd 6 n

c (6.22)
2 y4
= 26y4 (Pz(z‘)) ||h2HL2 (o)
where we define hg := |¢(pig 202V f (2, 21) — 24V f (2, %))
Putting together (6.19) to (6.22), we have a bound of the desired form
2
||V(¢(Mk,zq,zi - Mk’qu))||L2(pz(i))
d
1 ~
<=4 Coy > IIV(96(tkntz — 20132, )

= g (6.23)

d
+Csg > V(O (1tk 242 — 1520%)) ”%2(%(1.))-

where we have the constants

& _1 1 1 1 1
00T B 2e, N 2Bc,, 20BN 2y,
~ 1 02 Cy1cg; c 9
“16= @ <2Cy1 HéHLQ () T 2 : y2 ”V¢HL2 (P, ) O
QCy 02 d C
20,83 Il )+ =252 + g4uh2u%2<pzw) |
j=1
-~ 1 ¢
C = Y2 7
20 Co.p 28N
-~ 1 2c
C - = Y5 .
3,0 CO,¢ ﬁ)\/

Here we note the terms hy j, ho have bounded norms due Lemma 6.11.

Step 4. Completing the Proof
We start by observing that ||V (0;¢(k, 2qz; — MkazT))”%g(p @) satisfy an inequality in the same

form as (6.23), i.e. we can get a bound in the form of

IV (D (k.22 — 11.202)) 172, o)

+ZOQ,1,JHV<6 'Otz — izt 32, )

7=1
d

+ ) Caui V(02 pth gz — Mk,ZQZT))H%?(pz(i))v
j=1
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where we have the following recursion update for constants

d
Cris1=C1+ Z Ca1,5C g1y
[
j=1

Coit1,5 = C21,;C5 g1 + Cs15 5
(]

Q)

Cait15 = C21,C; gy -
g

Finally, we obtain the desired bound from using the modified Poincaré (6.17) and Cauchy-
Schwarz inequalities

10k ,20z — bk 20z) "%2(,)2(1.))

1
< S IV((pk,202 — Mk,ZqZ))H%?(pz(i)) + H¢Hi2(pz(i))”/ﬁk,z‘hi - /‘k,EQZTH%?(pZW)

_ . 2
Cuk, [ dC2r,Colhe!)? 191720, )

< X N 19 ke, — 1702 3
Cu :
< ( ~ ° + dCQ,k(;sC(Z%(k(}S!)QCﬁk + |’¢H%2(pz(i))> n?’

6.8 Proof of Lemma 6.7

We will once again restate the Lemma for easier reference.

Lemma 6.17 (Higher Order Energy Estimates). Fiz k € N. If for all ¢ € Cg (RY), ¢ < k, and

ol
multi-index o € N¢, there exists a constant Coo.G, > 0, such that we have

C
[¢(0aGrz)dz — Qb(aaGe,E)QZHLQ(Pz(i)) < Mu

n

then for all J € N, and degree-J differential operator L with coefficients in ngl(Rd) (i.e.

L =3 0<laj<s 9" (2)0a, where ¢%(z) € ngl(]Rd) for each |a| < J), there exist a constant Cr,, >0
such that
Cry,

| Lk 2qz — Lﬂk,i%“L2(pz(i)) < n

In particular, the above inequality holds for L = gzb’ao/LZZ with ¢ € C’ggl(Rd), o € N, and

J =20+ 2+ ||, therefore there exists a constant Cyo,,G, > 0 such that

Cya,,G
n )

16 (0o G1.2) a2 — ‘Z’/(ao/Gk,i)qZHB(pz(i)) <
hence proving the induction step from k — 1 to k.

Proof. We start by using the triangle inequality on the definition of L to get

1Ltk ads = Likatzlliz o) < D 10" Oattheste; — atinztz) |2 ,)
0<lal<]
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Therefore it is sufficient to prove the case when L = ¢“d,, and sum the up the constants after.
At this point, we will prove the desired result using induction on J = |«|.

Step 1. Induction Case J =1
The case when ¢(x) = 1,J = 1 follows from Corollary 6.15. To prove this result for all

lS ngl(Rd) we start by computing
aa(Lsz,Z) = (aaLZ)Mk,z + Lz(aaﬂk,z)7

where we define 0, L, as the derivative only on its coefficients, i.e.

0oLz =)  0ad"0k.
k

Now we observe that d,uy , satisfies a Poisson equation

Lzaa,uk,z = aoz(Lz,Ullc,z) - (aaLZ),U'k,z
= aozG'k,z + <vaaFZ7 vﬂk,z>

= G,.

Using this equation, it is now sufficient to check the conditions of Corollary 6.14. To this end,
we write

|G agz, — ézQzTHLQ(pz(i)) < 10aGraz — 0aGratzlrz i)
+ H <vaOth(l)7 vﬂk,zq,zl - VMk,EQZ) HLQ(pz(l>)
1
+ o {VOaf(2, 2), Vi atzll 2o, )
1 _
+o KV Oaf (x,7), Vi zgz)l 2o, 1))
=T +To+T3+Ty.

Notice that 77 is bounded by assumption, and 73,7y are bounded by Lemma 6.11. We now
turn to Ty, denoting ¢ = 0o F ), we can write

Ty < || V9| [V ae, — Vitkatz 2o

d
= 10,01V hkats — Viwatad )
7j=1

V(0itkz)tz — V (Oidnz)t=l12(o o))

||M&

d
+ Z ||V8j¢lu’k2,zqzl - vajﬁbﬂkiQZnL%pz(l))
J=1
d

s - Z @) T C|va Bluk >

where both bounds follow from Lemma 6.16. To summarize we have the following bound

1
n Concy, + Z Cv(ajtbuk) + C|V8j¢|uk + thHH(pz(i)) + Hh’QHLQ(Pz(i)) )
j=1

HGZqu - GZQZTHI?(PZ(@) S
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where we define hy := (V0o f(, 2i), VItk 2Gz,) |, ho := [(VOu f(2,Z), V ik 245) |-

Step 2. Induction Step
Assuming the estimates in the Lemma statement are true for 1,2,--- ,J — 1, we will now prove
the inequality for the case J. We begin by computing the product rule

804( z K, z) L aaﬂkz+z Z 8041-[/ agﬂk,z)v

=1 a1 taz=«
|aq|=l

where we define for all |a| > 0

(BaLy)d = — (Vo Fy, V).

Here we also observe the Laplacian term is contained in L0tk 5-
By invoking the original equation L,y , = G 5, we can write a new Poisson equation of the
form

LyBopihg = 0aGrg — Z > (O L) (Das ) (6.24)
=1 a1tas=«
o1 |=l

where we note that |aa| < J on the right hand side.
By using Lemma 6.4 and Corollary 6.14, we observe it is sufficient to provide an L?(p,;)-norm
bound on quantities of the type

g = (6a1LZ)(aa2Nk,z)QZi - (amLi)(aazﬂki)Q?

Then we can rewrite g by decomposing into more familiar terms

_<vaa1 Fz(i)a (vaagiuk,z)q,zi - (Vaag,uk,i)q,zT>

1
- E<vaoz1 f(:L’, Zi)v (vaagﬂk,z)q,zi>

1
+ ﬁ<vaa1 f(x771)7 (Vaagﬂk,i)q,?i)

=T+ 1T+ T;.
To control T, we start by denoting ¢ = |V0,, F,)| and use Cauchy-Schwarz and the product
rule to get
1Tl 225 o)) < 0(VOas bk n) @z — H(V Ok z) = L2 (1))

< IV(¢Oas pik2) 4z — V(¢aazﬂk,i)q?¢”L2(pz(i))
+ IV (Do it ,2) 0z — v¢(aa2ﬂki)q5HL2(ﬂz(i))
OV (@0agii) o Co,00

< ag Mk j POcn Hk

< e ; —

where we get the bound from the induction assumption since |ag| < J.

To control 15, T3, it is sufficient to apply Lemma 6.11.

To complete the proof, it is sufficient to invoke Lemma 6.16 on (6.24), so that we can handle
operators of the form L = ¢*0,, where ¢* € ggl(Rd)

O
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6.9 Proof of Lemma 6.5

We will once again state the Lemma for easier reference.
Lemma 6.18 (ngl(Rd) Coefficients). For all £ > 0 and o € N%, the operator Lj, has ngl(]Rd)
coefficients. Le. there exist functions ¢gq € C;;’l (RY) such that we can write

Lz,z = Z ¢g7a(.%')8a .

0<|a| <2042

Proof. We start by writing out the recursive definition of the operator Ayyi1, where if Ay =
Yo A% (2)0q, then we have

d
1
Anii =) ) Af(x) <—aszaj + A%Bajj> Oa-

a j=1

Since the only coefficients of L, are F, and 1/, all products of such coefficients must also be
Co(RY).

Next we will prove Ly has ngl(]Rd) coefficients by induction on N. The N = 0 case follows
trivially since Ly = I. Now assuming the case for 0,1,..., N — 1, we will prove the case for Ly.

We recall the definition of Ly

!

ni+--npp1=n—I

N
By
LN - AN+1 +Zi Z Ln1 "'LnlAnH_l—s—l‘
=1

Observe any composition of operators with gﬁl(Rd) is still an operator with ggl(]Rd) coeffi-

cients. And since Ly is defined recursively using L; with j < N, we have that Ly must have

ol (RY) coefficients.

. . . . . . . d
We will now compute the adjoint operator using integration by parts. First we let v, € p"gl(R )
be the coefficients of Ly, i.e.

LN = Z %ﬁa .

0<|a|<2N+2
Then for any f,g € ggl(]Rd), we have
/ fLngpdr = / 9 Y. Ya(z)lagpdz
Rd R4
0<|a|<2N+2

B /]Rd Z (_1)|a‘faa(9¢ap)da?.

0<|a|<2N+2

Since g,%q, Fy € ngl(Rd), we must then also have that 04(g91ap) =: ¢ap with ¢, € CSZI(Rd),

which is the desired result.
O

6.10 Proof of Lemma 6.6

We will once again start by restating the Lemma.
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Lemma 6.19. For all ¢ > 0, there exists a differential operator Eg = Eg(a:) of order 20 4+ 2 with

g‘gl(Rd) coefficients, and independent of n, such that we can write

1~
i ri, - Lis.
Furthermore, for all { > 0, ¢ € C'Sgl(Rd), and oo € N, there exist non-negative constants Cr,60., 5
depending on the L* (p,))-norm of px—rz and its derivatives up to order 20 + 2 + |, such that

C
< Clova

Hqﬁ@a((LZ,z - Le,z)ukfe,z) z (Pz@)) =,

Proof. We will separate the proof into several steps.

Step 1. Write lA\N = ANz — ANz
We start by recalling (g is a uniform subsample of z of size n;, but we can further define without
loss of generality (y as a uniform subsample of Z, such that they (o = {y whenever z; ¢ (5. Then

we have B
ANz = E AN ¢,

where the expectation is over the randomness of (g only. B
We will then write out the recursive definition of the operator Ay y1(7,(p), where we expand
the coefficients of the operator as Ay(z, (o) = >, AN (x,o)0q, then we can write

1
Anii(z, Go) = ZZAa z, (o) <—ajF¢08j + 68“) Do

a j=1

Since Ag = I, A1 = L, we can observe this forms a binomial type expansion, where formally
if we define a sense of multiplication such that the differential operators d, does not interact with
the coefficients, we can write

N

“An(z, (o) = Z —;Fr,0; + Ba”
7j=1

where we write in quotation marks to denote the fact that we are defining a new multiply operation.
Rigorously, we can write all terms of Ay (z, () as follows

N d
~ N 1
AN(xaCO) = § ( I > § (_1)187?1FC0 T 8@'1FC0W01'1 T ail(ailJrl T aZ'N)Q

1=0 i1,ein=1

=) Caliy Fey -+ 0y Fey O
«

where we slightly abuse the notation in the last sum, such that the sum is still over [,41,..., 7N,
and therefore a may repeat.
Now consider the same definition for z and (y, we can write

/TN(SC, C()) AN 3: C() an 811FC0 ailFCO — 811F<—0 . 8Z~ZF<—O)8& .
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To find an operator A N such that %g N = ANz — ANz, it is sufficient to show that for each a,
we can find a function ¢ independent of n such that

1
Hd)a =E, <8¢1F<0 O ey — &-lFC—O- . BZzF@)
To this end, we can use the decompositions
1 1
F, =F,u + ;f(ﬂﬁ,zi), Fe, = o+ ;bf(xyzi)ﬂBy

where 1 is the indicator function, and the event B is defined as B = {z; € (o} = {zi € (o}
This leads to
8i1FC0"'8izFCO alng aZngo
=0, F ( ) (Oip Fey - - 03, Fey — O3 Fem -+ - 03 F-)

25°¢ U= Co

(04, (20000 Fey - 00 ey — 00, (2,000, B 04 F )
b

27 o u= Qo

where we observe that the terms inside the second bracket are m-independent. If we take the
expectation E, on these terms, we will be averaging over (:b) terms, and only - (:b) = (:;_11) of
these terms will be non-zero due to the indicator function 1 5.

Hence if we let ¢¢, be any n-independent function, we will have

1
Eznfb]lBﬁbgo = Z Lo, = — ¢, (6.25)

CoCz

where 5 is also n-independent.
We can continue taking the expansion to get

82-1F<0---8ilF<0 0y P 0;, F

17 o o
- 7]1B Z 21 C( 'lg 1 <‘ a'bj f(x 27/) Z]JrlFCO T aZlFCO
— FﬂBZall SR 0i;_, C<i>3ijf(x,7i)3ij+1Fg'"%FTO
b 0
1 (0%

- 7b]lB¢C0,CT)’
where the sum follows from recursively applying the first step to the terms 0;, F’ ol (O3 F¢y -+ 03 Fey—
Oy FCO Oi FCO )-

Computing the expectation using Equation (6.25), we get that
1 (0%
1, & ﬁ¢ '
This implies we can define the desired operator as

A\N = Z Ca®”Oq,
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hence completing the proof for the first step.

Step 2. Finding EN
__We will prove by induction over N that there exists an operator Ly independent of n such that
1IN =LNz— Lngz.
For the N =1 case, it follows by computing

d
Ly,—Lnz =L, 7= Z —0;(f(x,z:) — f(x,7%))0;.
j=1
Now assuming the case for N — 1, we will prove the statement for case N. We first recall the

definition of Ly
N

B
Ly =ANnt1 + Z o Z Ly, LpjAnyiv1-
=1 ni+--njy1=n—I
Since AN, — ANz = %A N, it is sufficient to analyze
Lnl,z to Lnl,zAnlJrlJrl,z - Lnl,i te Lnl,iAnlJrlJrl,E
1 ~
= (Lm,z T thZ - Lmi' o Lnli)Am-H-i-l,z + Lmi T thzﬁAnH—l"‘l
Now observe that since nq,--- ,n; < N, we have %Lnj =Ln,z—Ln;z forall j=1,---,1. This

allows us to write
Lm,z e anyz - Lmi' o Lnli
= (Lm,z - Lnl,i)an,Z T Lnl,z + Lnlyi(an,Z T thz - anyi e Lnli)

1~
= ELnan%z e Lnl’z + Ln17E(Ln27Z T Lnl,z - Lng,i e Lnl,i)

l
1 ~
= a E Ln1 zZ " n] 1 anj Lanrl,z T Lnl,z

Putting it together we have
Ly

N l
~ B ~
= AN+1 + E N E E :Lm,i T LTL]’—LELnj Lnj+1,z T an,ZAnlJrl-&-LZ

=1~ nit-n=n—1j=1

N B, R
Z T Z Lnli T Lnl72Anl+1+1 .

ni+--npp1=n—I

Since the adjoint operation is linear, we can compute the adjoint for each operator separately.
Hence we have the desired result

1~
gL}k\, =LNz—Lngz.

Step 3. Providing the Bound

To complete the bound it is sufficient to observe
* * C
"¢8a((L£,z - LE,Z)ﬂk—&i) z < —

L2(p,) — 1

)

(b,0) — % H¢a°‘(i}k\fﬂk—e,z)q2

where the bound follows from Lemma 6.11.
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7 Runtime Complexity: Proof of Corollary 2.5

We will restate and prove the result here.

Corollary 7.1 (Runtime Complexity). Suppose { Xy }r>o is any discretization of Langevin diffusion
(1.3) admiting an approzimate stationary distribution ) of the type in Theorem 2.3. Then there
exists a constant C > 0 (depending on N ), such that for all

2m C C 1
— > > ——log — 1
e>0, 0<17<M2, n_ﬁ(l—n)’ k_el/NOge’ (7.1)
we achieve the following expected generalization bound
[E[F (X)) — Fo(Xp)]| <e. (7.2)

Proof. We will start by decomposing the generalization error via an approximation step with 72

|E[F(Xy) — Fu(Xy)] |

<|E[F(Xp) =7 (F)] | + | B [n5 (F) = ' (F)] | + | B [ (F) = F(X)] | 7

<C(eM2 4Ny 4 ———
( n(1—mn)
where we used the results of Theorems 2.3 and 2.4 and absorbed dependence on z, I, F, into the
constant C.

It is then sufficient to confirm all three terms are of order O(e). Observe clearly choosing
n = O(e/N) and n = Qe 1) is sufficient for the latter two terms. We will then observe that

M2 — O(e) = k=0n""log(e™)), (7.4)

1

and substituting in the choice of ! = ¢~'/N gives us the desired result.

O]

References

Assyr Abdulle, David Cohen, Gilles Vilmart, and Konstantinos C Zygalakis. High weak order
methods for stochastic differential equations based on modified equations. SIAM Journal on
Scientific Computing, 34(3):A1800-A1823, 2012.

Assyr Abdulle, Gilles Vilmart, and Konstantinos C Zygalakis. High order numerical approximation
of the invariant measure of ergodic sdes. SIAM Journal on Numerical Analysis, 52(4):1600-1622,
2014.

Cristina Anton. Error expansion for a symplectic scheme for stochastic hamiltonian systems. In
International Conference on Applied Mathematics, Modeling and Computational Science, pages
567-577. Springer, 2017.

Cristina Anton. Weak backward error analysis for stochastic hamiltonian systems. BIT Numerical
Mathematics, 59(3):613-646, 2019.

D. Bakry, I. Gentil, and M. LeDoux. Analysis and Geometry of Markov Diffusion Operators.
Springer, 2013. ISBN 9783319002286.

41



Dominique Bakry, Franck Barthe, Patrick Cattiaux, and Arnaud Guillin. A simple proof of the
poincaré inequality for a large class of probability measures. FElectronic Communications in
Probability [electronic only], 13:60—-66, 2008.

Adam Block, Youssef Mroueh, Alexander Rakhlin, and Jerret Ross. Fast mixing of multi-scale
langevin dynamics underthe manifold hypothesis. arXiv preprint arXiv:2006.11166, 2020.

Nicolas Boumal, Vlad Voroninski, and Afonso Bandeira. The non-convex burer-monteiro approach
works on smooth semidefinite programs. In Advances in Neural Information Processing Systems,
pages 2757-2765, 2016.

Olivier Bousquet and André Elisseeff. Stability and generalization. J. Mach. Learn. Res., 2:499-526,
March 2002. ISSN 1532-4435.

Samuel Burer and Renato DC Monteiro. A nonlinear programming algorithm for solving semidefi-
nite programs via low-rank factorization. Mathematical Programming, 95(2):329-357, 2003.

Yu Cao, Jianfeng Lu, and Lihan Wang. Complexity of randomized algorithms for underdamped
langevin dynamics. arXiv preprint arXiw:2005.09906, 2020.

Patrick Cattiaux and Arnaud Guillin. Functional inequalities for perturbed measures with appli-
cations to log-concave measures and to some bayesian problems, 2021.

Pratik Chaudhari, Anna Choromanska, Stefano Soatto, Yann LeCun, Carlo Baldassi, Christian
Borgs, Jennifer Chayes, Levent Sagun, and Riccardo Zecchina. Entropy-sgd: Biasing gradient

descent into wide valleys. Journal of Statistical Mechanics: Theory and Ezperiment, 2019(12):
124018, 2019.

Xiang Cheng, Niladri S Chatterji, Yasin Abbasi-Yadkori, Peter L Bartlett, and Michael I Jor-
dan. Sharp convergence rates for langevin dynamics in the nonconvex setting. arXiv preprint
arXiw:1805.01648, 2018.

Arnak S Dalalyan and Avetik Karagulyan. User-friendly guarantees for the langevin monte carlo
with inaccurate gradient. Stochastic Processes and their Applications, 129(12):5278-5311, 2019.

A. Debussche and E. Faou. Weak backward error analysis for SDEs. ArXiv e-prints, May 2011.

Alain Durmus and Eric Moulines. Nonasymptotic convergence analysis for the unadjusted langevin
algorithm. The Annals of Applied Probability, 27(3):1551-1587, 2017.

M. A. Erdogdu, L. Mackey, and O. Shamir. Global Non-convex Optimization with Discretized
Diffusions. ArXiv e-prints, October 2018.

Murat A Erdogdu and Rasa Hosseinzadeh. On the convergence of langevin monte carlo: The
interplay between tail growth and smoothness. arXiv preprint arXiv:2005.13097, 2020.

Lawrence C Evans. Partial differential equations. 2010.

Saul B Gelfand and Sanjoy K Mitter. Recursive stochastic algorithms for global optimization in
r°d. SIAM Journal on Control and Optimization, 29(5):999-1018, 1991.

Ernst Hairer, Christian Lubich, and Gerhard Wanner. Geometric numerical integration: structure-
preserving algorithms for ordinary differential equations, volume 31. Springer Science & Business
Media, 2006.

42



Wolfram Research, Inc. Mathematica, Version 12.0. Champaign, IL, 2019.

Richard Jordan, David Kinderlehrer, and Felix Otto. The variational formulation of the fokker—
planck equation. SIAM journal on mathematical analysis, 29(1):1-17, 1998.

M. Kopec. Weak backward error analysis for overdamped Langevin processes. ArXiv e-prints,
October 2013.

Marie Kopec. Weak backward error analysis for langevin process. BIT Numerical Mathematics, 55
(4):1057-1103, 2015.

H.H. Kuo. Introduction to Stochastic Integration. Universitext. Springer New York, 2006. ISBN
9780387310572.

Adrien Laurent and Gilles Vilmart. Exotic aromatic b-series for the study of long time integrators
for a class of ergodic sdes. Mathematics of Computation, 89(321):169-202, 2020.

Mufan Bill Li and Murat A Erdogdu. Riemannian langevin algorithm for solving semidefinite
programs. stat, 1050:21, 2020.

Xuechen Li, Yi Wu, Lester Mackey, and Murat A FErdogdu. Stochastic runge-kutta accelerates
langevin monte carlo and beyond. In Advances in Neural Information Processing Systems, pages
7748-7760, 2019.

J.C. Mattingly, A.M. Stuart, and M. Tretyakov. Convergence of numerical time-averaging and
stationary measures via the poisson equation. SIAM Journal of Numerical Analysis, 48:552-577,
2010.

Georg Menz and André Schlichting. Poincaré and logarithmic sobolev inequalities by decomposition
of the energy landscape. The Annals of Probability, 42(5):1809-1884, 2014.

E. Pardoux and Yu. Veretennikov. On the poisson equation and diffusion approximation. i. Ann.
Probab., 29(3):1061-1085, 07 2001. doi: 10.1214/aop/1015345596.

E Pardoux, A Yu Veretennikov, et al. On poisson equation and diffusion approximation 2. The
Annals of Probability, 31(3):1166-1192, 2003.

Etienne Pardoux and Aurel Ragcanu. Stochastic differential equations. In Stochastic Differential
FEquations, Backward SDFEs, Partial Differential Equations, pages 135-227. Springer, 2014.

Grigorios A Pavliotis. Stochastic processes and applications: diffusion processes, the Fokker-Planck
and Langevin equations, volume 60. Springer, 2014.

Maxim Raginsky, Alexander Rakhlin, and Matus Telgarsky. Non-convex learning via stochastic
gradient langevin dynamics: a nonasymptotic analysis. In Proceedings of the 30th Conference on
Learning Theory, COLT 2017, Amsterdam, The Netherlands, 7-10 July 2017, pages 16741703,
2017.

Shai Shalev-Shwartz, Ohad Shamir, Nathan Srebro, and Karthik Sridharan. Learnability, stability
and uniform convergence. Journal of Machine Learning Research, 11:2635-2670, 2010.

Tony Shardlow. Modified equations for stochastic differential equations. BIT Numerical Mathe-
matics, 46(1):111-125, 2006.

43



Denis Talay and Luciano Tubaro. Expansion of the global error for numerical schemes solving
stochastic differential equations. Stochastic analysis and applications, 8(4):483-509, 1990.

Santosh S Vempala and Andre Wibisono. Rapid convergence of the unadjusted langevin algorithm:
Log-sobolev suffices. arXiv preprint arXiv:1903.08568, 2019.

Cédric Villani. Hypocoercivity. Memoirs of the American Mathematical Society, 202(950), 2009.

Lijin Wang, Jialin Hong, and Liying Sun. Modified equations for weakly convergent stochastic
symplectic schemes via their generating functions. BIT Numerical Mathematics, 56(3):1131—
1162, 2016.

James H Wilkinson. Error analysis of floating-point computation. Numerische Mathematik, 2(1):
319-340, 1960.

P. Xu, J. Chen, D. Zou, and Q. Gu. Global Convergence of Langevin Dynamics Based Algorithms
for Nonconvex Optimization. ArXiv e-prints, July 2017.

A Signed Measure Results

We start this section by mentioning that the approximate stationary measure constructed using
weak backward error analysis can be a signed measure.

Proposition A.1 (The Approximate Stationary Measure is Signed). Consider the following simple
Ornstein- Uhlenbeck process in R?

dX(t) = — X (£)dt + \/ZdW(t),

with f(z,z) = L|z|? for all z € Z. We have that whenever 2 < n, the approzimate density w'(z) is
not always positive, specifically

m(0) = (1 + 11 (0))p(0) < 0.

Proof. We first write down the generator of this process

laiiﬁb,

d
Lo =) —xi0ip+
=1 ’8

and therefore leading to the following operator As,

Agp = ZZA“ [ xza+ﬁaﬁ]ak¢

k =1

= Z Z 1i7;0;5¢ — /Bl’z Diji + 52 Diijj -

1,j=1

Following the definition of L; (5.3), we can compute

Ly = Ay + B1LoAy = Ay + B L2,
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where Bj is the first Bernoulli number. Now observe that since L is self-adjoint with respect to
L%(p), i.e. L* = L, we have
L1 = A3+ B (L*)?*1 = A31.

Here we will compute explicitly A31, and we start by writing

d
2 1
(Agl)p = Z 8ij(xixjp) + Baijj(a:ip) + ﬁaiijjp =T+ 15+ 1T5.
ij—=1

We first compute one derivative of T3 to match 75 to get

T3 - Z 81]]5 xzp)

3,j=1

this implies that we can combine 75 and T}

I+ 13 = Z a’L]j/B %P Z 8@] < Hfz‘ij) ’

i,j=1 3,0=1

where 6;; denotes the Kronecker delta, and we add the 77 term as well to get

d
T1+T2+T3—Zaz p—z&z p= Z@ xip):Zﬁx%p—dp.
i=1

1,j=1
This implies we have the following PDE for

d

Ly, = —L’{l = Z —x;0; 41 +
i=1

d
1
—an-m =d-— Zﬁxf
/8 =1

Since the equation has a unique solution that satisfies the integral constraint [ pidp = 0 (see
Proposition 6.8), we can explicitly guess the solution

g

H1 = 5’.%‘2 -G

where to satisfy the integral constraint, we must have
c= / é’$|2 ! exp —Blal” dx = d
2" (2m /)i 2 |

inf py = 1 (0) = —

\)

This implies

N

Finally this implies that whenever n > %, we have

71(0) = (1 - ng) p(0) < 0.
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Now that we know our approximate measure 7'V can be signed, we can no longer define uniform

stability with respect to an expectation over the random algorithm. Instead we naturally extend
the definition based on the integral with respect to the signed measure instead.

Definition A.2 (Uniform Stability). A collection of distributions {m,} on R? indexed by z € Z"
is said to be e-uniformly stable if for all z,z € Z™ with only one differing coordinate

Sup [m2(f (5 2)) = m=2(f (- 2))| < e (A.1)

Proposition A.3 (Generalization). Suppose the collection of distributions {m,} is e-uniformly

stable, and that for all (z,z) € 2", we also have f(-,2) € L'(n,). Then {n,} has e-expected
generalization error, or more precisely

|E[ma(Fy) - ma(F)]| < e (A2)

Proof. it is sufficient to realize that since f(-,z) is integrable with respect to 7, all the usual
manipulations are well defined. We will include the proof for completeness as it is an unintuitive
claim.

We will start by denoting z = (21,...,2,), 2 = (Z1,...,2,), and also the replaced one data set
z() = (21, ey By Ziy Bidly e ey Zn)

With this we can write

1 IS _
EZND” /Rd ﬁ ZZ:; f(:L’, Zi)dﬂ'z(a}) = ]E(Z’E)N’D2n /Rd E ; f(l’, Zz‘)dﬂ'fz\(i) (.CC)

1 n
=z [0 D e inala) +5
where we define § as

1 @& _ 1 & _
0 :=Ez)~pen /Rd - ; f(@,Z)dmz0) (x) — /Rd - ; f(z,z)dmq(z).

Therefore, e-uniform stability implies the difference between the two integrals is at most €, hence

we have the generalization error is |0| < e.
O

We observe that uniform stability is a stronger notion than needed here. In fact, we will only
need a sense of stability in expectation for generalization in expectation (Shalev-Shwartz et al.,
2010). Regardless, we have shown that if 72 is e-uniformly stable, then we have also have that
|T5| < € as desired.

B Additional Calculations

In this section, we will consider the Ornstein-Uhlenbeck process in R, or d = 1

dX(t) = —X (t)dt + \/2/BdW (1),

where W (t) is the standard one-dimensional Brownian motion. This corresponds to the loss

function being F(z) = %xz. This implies we have the Gibbs distribution is a one-dimensional

Gaussian




B.1 Computing the Relevant Operators

The above definition leads us to the following simple generator

Lo = —xd¢ + ;a%,

and therefore leading to the operators

We will also obtain the operators

Lyo=1L,

Ly = Ay + B1LoAy = Ay + B L2,

Ly = A3 + Bi(LoAs + L1A1) + Ba(LoLoAy).
Next we will compute several adjoint operators with respect to L?(p).

First we recall L is self-adjoint, i.e. L* = L.

Then we can compute for all f,g € Cpo)(R)

/afgpdaf = /—fﬁgp — fg0pdx = /f(—f? + Bx)gpdz,

which means (0)* = —0 + .
At this point, we will use Mathematica (Inc.) to compute all adjoint operators by composition of

the first order adjoint operator. For example, we can compute all of the following using a recursion

scheme, where a € C5)(R)

(ad)" = —ad — da + Pza,

) = 0% — 2820 + *2* — B,

(ad*)* = ad* 4 2(da — Bra)d + (0%a — Ba — 2Bxda + F*x2a),
(0°) = —0” + 3820 + (38 — 35%2%)0 + (B°2® — 35°x).

Next we will compute A3, A3

Al = (1,202 _ sy 184>

B B2
= 51*84 - 2;33 + 2%9% — 220 + (Bz — 1).
3a? -3 16\
Al = (—x383 + ; ot + 5;385 + 5386>
2
= 51386 - 232685 + 3;84 — <:1:3 + 6;) 9 + (9m2 — Z) 9% — (9z — 382%)0.

Finally, we can conclude

LT = ; + B1L27
Ly = A5+ Bi(ASL + LLY) + By L3,
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B.2 Solving the PDEs

To compute the approximations for 72 = p(1+nu1 + n*p2), we will need to solve the following two
PDEs
Ly = —Li1, Lps = —Lim — L31,

with the natural constraint that [ p1dp = [ padp = 0.

B.2.1 First PDE
From the previous section, we have that
—Lil=—(A5+ B1L*)1 = —A51 =1 - p2°.
This means we need to first solve
—xop + ;82/” =1— B2

_B.2

Here we can guess the solution p; = 5x* + ¢, which gives us

~a(fa) + 50 = 1- o,

and the constant is naturally

B g1 -1
o= [ grt=-55=5"

where we used the fact that the Gaussian variance is 1/8.
B.2.2 Second PDE
We need to compute —Liu; = — (A% + By L?)uy, starting with the first term A%y

Ly 25 202 1oo 2 521_} 2

B.3 Toy Example

In this subsection, we consider a one-dimensional problem of optimizing a loss function F(z) = %xz

with deterministic gradient. The Langevin update can be written as

2
Xpp1 = Xp = Xp +4/ ﬁnék, Xo = .

where & ~ N(0, 1) are i.i.d. random variables.
In this case, the corresponding continuous time Langevin process is described by the following
SDE

dX(t) = —X (t)dt + \/ZdW(t), X(0) = z,

where W (t) is a standard Brownian motion.
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Observe we can compute the time-marginal distributions of both processes. Let’s start by
observing that Xj is a sum of i.i.d. normal random variables, hence it must also be a normal
random variable. We simply need to estimate the mean and variance.

To compute the parameters, we start by rewriting the update rule as

2
X1 = Xip = nXp 44/ ﬁnfk

= (1 —n) Xy + /208
—(1-n) ((1 )X + \/?sk) e

,
= (1 =) X+ > V281 - n)',
=0

this implies EX; = (1 — n)**12, and we also have the variance

k
E(X, ~EXp)? =" 211 _ gt =

5 ) [1 (- n)z(kﬂ)} _
=0

2
B(2-n

It is well known that the continuous time SDE is the Ornstein-Uhlenbeck process, which has
the following solution (Kuo, 2006)

X(t) = X(0)e " + /0 t e~ dw (s),

which is a Gaussian process. The mean and variance can also be computed as
EX(t) = ze ™",

1
—(1—e7?).
p
In the actual plot of Figure 2 (b), we used parameters 5 = 20,7 = 0.5. Additionally, the
stationary distribution of the discrete Langevin algorithm is found by a kernel density smoothing

for 10,000 steps of simulation of Xj, and we smoothed using a normal density with parameter
o=0.1.

E(X(t) ~ EX(1))? = /0 29 gy —

B.4 Plot for Figure 2 (a)

In the plot, we consider the forward Euler discretization of the ODE

dy 2
i y(0) =1,

which gives the following update

Yet1 = Yk + Y5, Yo = L.

The true solution is given by



which the modified equation is given by

d 3
d—z :vz—nv3+n2§v4+'~ , v(0)=1.

To generate the plot in Figure 2 (a), we used a step size n = % for the forward Euler solver, and
for the modified equation we approximated the solution using forward Euler with step size ' = G(!TO
so it is sufficiently close to the true solution.
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