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The “usual” self-attention is defined as follows:

hl =
[
h1l . . . h

m
l

]
∈ Rn×m (no longer vertically stacking)

hl+1 =
1√
n
WV

l hlAl

where WV
l ∈ Rn×n, hl ∈ Rn×m, and Al ∈ Rm×m, and Al is given by:

Al = Softmax︸ ︷︷ ︸
column-wise

(
1

τ

(
1√
n
WQ

l hl

)⊤(
1√
n
WK

l hl

)
−M

)

where τ ∝ √
nk, and W

Q
l , W

K
l ∈ Rnk×n, think nk ∼ n. Each token “talks” to each other.

The matrix M is a mask where the upper-triangular section is the “future” of the token sequence. We set
these values to −∞ so that future tokens do not contribute towards prediction in softmax.
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Softmax (y) =
ey∑m

α=1 e
yα (entrywise), y ∈ Rm×1

τ is referred to as tempurature (notion comes from statistical physics):

Gibbs distribution: ∝ e
H
τ where H is a Hamiltonian.

For attention:

• as τ → 0, Al concentrates (on the largest yα entry)

• as τ → ∞, Al is uniform
1
m1 where 1 ∈ Rm is a vector of all “1”s.

Softmax

(
1

τ
y

)
=

1

m
1+

1

τm
(y − ȳ) +

1

2τ2m

(
(y − ȳ)

2 −
(
ȳ2 − ȳ2

))
+O

(
τ−3

)
where ȳ = 1

m

∑m
α=1 y

α. This is a taylor expansion around 1
τ . After one layer of the first term, 1

m1, we end
up with ρ = 1 or “rank collapse” which leads to gradients vanishing.

We choose center Im:

τ → ∞ =⇒ Al → Im

=⇒ hl+1 =
1√
n
Wlhl (Stable!)

Open question: Centered at linear attention?

τ → ∞ =⇒ hl+1 =
1√
n
WV

l hl
1

√
nk

(
1√
n
WQ

l hl

)⊤(
1√
n
WK

l hl

)
Recall that

φS (x) = x+ frac1
√
nψ1 (x) +

1

n
ψ2 (x) +O

(
n−3/2

)
The recipe is:

Al = Im + Softmax (. . .)− 1

m
11⊤

hl+1 =
1√
n
WV

l hl

(
Im +

1

τ
(. . .) +

1

τ2
(. . .) +O

(
τ−3

))
From this, we get a SDE limit for Φ. What this implies is that ρ ̸= 1, thus we do not have vanishing
gradients. Note that if we only have linear networks, we want a learning rate for 1√

n
WV

l hl that is not MUP,

however, we need a learning rate for Im + 1
τ (. . .) + 1

τ2 (. . .) +O
(
τ−3

)
that is MUP.

The remaining results covered are not yet published.

Spectrum of Φ (In-progress, Li, de Dios Pont, Nica, Roy)

Consider a linear network:

hαl+1 =
1√
n
Wlh

α
l

hα1 =
1

n0
W0x

α
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where Wl, jk
iid∼ N (0, 1), n, d→ ∞, d

n → τ̄ Thus,

dΦτ = Σ(Φ)
1/2

dBτ

where Φτ ∈ Rm̄, m̄ = 1
2m (m+ 1) which is the number of upper triangular entries of covariance matrix,

Σ ∈ Rm̄×m̄, and Bτ ∈ Rm̄×1.

Σ (Φ)
αβ, γδ

= ΦαβΦβδ +ΦαδΦβγ

Detour into Riemannian Geometry:

Manifold: Φ ∈ SPD (m) =: M. Tangent space:

V = d
dtΦ (t)

∣∣
t=0

is a tangent vector. It turns out that V ∈ TΦM = Sym (m).

Object: Coordinate

• vec:M → Rm̄

• vec:TΦM → Rm̄

Object: Riemannian Metric. For each Φ, there is a map gΦ given by

gΦ : TΦM× TΦM → R

and is an inner product.

In coordinates, we can interpret gΦ as an m×m matrix: ⟨v, v⟩gΦ = u⊤g (Φ) v, where u, v ∈ Rm̄×1.

If we have a Brownian motion (in coordinates - not the same thing as Euclidean Brownian motion),

dXτ =
1

2
gradient log det (gΦ (Xτ )) dτ + gΦ (Xτ )

−1/2
dBτ

where Bτ ∈ Rm is a Brownian motion, and Xτ is a Brownian motion in coordinates.

Question: Is Σ (Φ)
−1

a Riemannian metric? Short answer: Yes.
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Theorem 1. If A, B ∈ Sym (m) and

vec (A)
⊤
= Σ(Φ)

−1
vec (B)

=
1

2
Tr
(
AΦ−1BΦ−1

)
→ the affine-invariant metric

• Intuition: Σ (Φ) is a degree 2 polynomial in Φ,

• Intuition: The affine-invariant metrix is “degree −2” polynomial in Φ

• Verified symbolicly m = 2 (correct)

Lemma. (Affine-invariance)
Let P : Φl → Φl+1 (random Markov chain map). Then, we can equivalently define Pτ : Φ0 → Φτ (stochastic
flow). If A ∈ Rm×m is full rank, then,

AP (Φ)A⊤ d
= P

(
AΦA⊤)

and equivalently,

APτ (Φ)A
⊤ d
= Pτ

(
AΦA⊤)

Remarks:

• Symmetry =⇒ geometry. The way to think about this is that the neural network randomness is
symmetric, which causes the SDE to also be symmetric.

• Pτ (Φ0) = Φ
1/2
0 Pτ (Im) Φ

1/2
0 .

• If A ∈ O (m), i.e., AA⊤ = Im, the APτ (Im)Aτ d
= Pτ (Im). Thus, if Φ0 = Im then AΦτA

⊤ =
d
= Φτ ,

where A ∈ O (m). This is free diagonalization (GOE).

Theorem 2. If λj = λj (Φτ ) where λ1 < λ2 < . . . < λm, then

dλj =
√
2λjdB

(j)
τ +

m∑
k=1, k ̸=j

λjλk
λj − λk︸ ︷︷ ︸

Θ(m−1)

dτ

If we replace the above with

dλj =
√
2 · 1 · dB(j)

τ +

m∑
k=1, k ̸=j

1

λj − λk
dτ

then we get the Dyson Brownian motion. Thus, we have the Geometric Dyson Brownian motion.

Remark:

• The proof is easy with orthogonal invariance (we can diagonalize for free, and thus study the eigenvalues
directly).

• However, it is still possible without using the invariance.

• This is a very tractable process due to the decoupled Brownian motions.

We want to take m→ ∞. Time change τ → τ
m

=⇒ dλj =

√
2

m
λjdB

(j)
τ +

1

m

∑
k ̸=j

λjλk
λj − λk

dτ

m→∞−→ 0 +

∫
λjy

λj − y
ρτ (y)
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where

ρτ (y) = lim
m→∞

1

m

∑
j

δλj(τ)

We introduce the T -Transform:

Gτ (z) =

∫
x

z − x
ρτ (dx) , z ∈ C

if we replace this with

Gτ (z) =

∫
1

z − x
ρτ (dx) , z ∈ C

we get the Stieltjes transform.

Theorem 3. As m→ ∞,

∂τGτ (z) = −zGτ (z) ∂zGτ (z)

if we replace this with

∂τGτ (z) = −1 · Gτ (z) ∂zGτ (z)

we get the complex Burgers Equation. If Φ0 = Im (ρ0 = δ1), then

Gτ (z) =
1

zeτGτ (z) − 1

We can solve the above equation by fixed-point iterations.

Remarks:

• This equation is similar to the Lambert-W function, and so there is likely no closed-form solution.

• This is sometimes called the “free log-normal”:

– Semi-circle = free normal

– Marchenko-Pastur = free Poisson

• if τ << 1, e−τG = 1− τG +O
(
τ2
)
which is quadratic and thus solvable:

ρτ (x) =

√
(λ+ − x) (x− λ−)

2πx2τ
+O

(
τ2
)

σ2 = 1 + τ , λ = τ
1+τ , and λ± = σ2

(
1±

√
λ
)2

. if we replace this with

ρτ (x) =

√
(λ+ − x) (x− λ−)

2πxτ
+O

(
τ2
)

we get MUP.

This is Professor Mufan Li’s favourite result.
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