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Lecture 17: Infinite-Width SDE Limit for Covariance
Dynamics

Setup

We consider the covariance recursion for shaped activations:

hαℓ+1 =

√
c

n
WℓφS(h

α
ℓ ), c−1 = EφS(w)

2, w ∼ N(0, 1).

Shaped Activations

ReLU shaping:

φS(x) = S+max(x, 0) + S− min(x, 0), S± = 1 +
c±
np
.

Smooth shaping:

φS(x) = Sφ

(
x

S

)
, S = anp, φ(0) = 0, φ′(0) = 1.

Correlation Kernel Expansion

Recall for ReLU:

J̄1(ρ
αβ) =

√
1− ρ2 + ρ arccos(−ρ)

2π
,

with jointly Gaussian input:(
wα

wβ

)
∼ N

0,

[
1 ραβ

ραβ 1

] .

1



The shaped kernel satisfies

cK1(ρ
αβ) = E c φS(w

α)φS(w
β) = ραβ +

ν(ραβ)

n2p
+O(n−3p),

with

ν(ρ) =
(c+ − c−)

2

2π

[√
1− ρ2 + ρ arccos(ρ)

]
.

Choosing p = 1
2

ensures drift O(n−1), noise O(n−1/2), matching Euler–Maruyama
scaling.

Covariance Recursion

Define
Φαβ

ℓ+1 =
c

n
⟨φα

ℓ+1, φ
β
ℓ+1⟩, φS(ax) = aφS(x).

Drift Term

E
[
Φαβ

ℓ+1 | Fℓ

]
= E

[
c φS(h

α
ℓ+1,i)φS(h

β
ℓ+1,i) | Fℓ

]
= (Φαα

ℓ Φββ
ℓ )1/2 cK1(ρ

αβ
ℓ ).

Using the expansion,

E
[
Φαβ

ℓ+1 | Fℓ

]
= Φαβ

ℓ +
(Φαα

ℓ Φββ
ℓ )1/2 ν(ραβℓ )

n
+O(n−3/2).

Noise Term

Φαβ
ℓ+1 − E

[
Φαβ

ℓ+1 | Fℓ

]
=

1√
n

1√
n

n∑
i=1

[
cφS(h

α
ℓ+1,i)φS(h

β
ℓ+1,i)− cK1(ρ

αβ
ℓ )
]
(Φαα

ℓ Φββ
ℓ )1/2

=
1√
n
ξαβℓ .

Thus
Φℓ+1 = Φℓ +

b(Φℓ)

n
+

1√
n
ξℓ.
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Noise Covariance and Wick Expansion

Cov(ξαβℓ , ξγδℓ ) = E(wαwβwγwδ)− ραβργδ.

Wick/Isserlis:

Ewαwβwγwδ = Ewαwβ Ewγwδ + Ewαwγ Ewβwδ + Ewαwδ Ewβwγ

= ραβργδ + ραγρβδ + ραδρβγ.

Hence the cancellation:

Cov(ξαβℓ , ξγδℓ ) = ραγρβδ + ραδρβγ.

Reintroducing the Φ-prefactors:

Cov(ξαβℓ , ξγδℓ ) = Φαγ
ℓ Φβδ

ℓ + Φαδ
ℓ Φβγ

ℓ +O(n−1/2).

Final Covariance Recursion

Φαβ
ℓ+1 = Φαβ

ℓ +
1

n
(Φαα

ℓ Φββ
ℓ )1/2 ν(ραβℓ ) +

1√
n

(
Σ(Φℓ)

1/2ξℓ
)αβ

+O(n−3/2).

Infinite-Width Limit (Li–Nica–Roy, 2022)

Theorem 1 (Li–Nica–Roy (2022)). Let d, n→ ∞ with d
n
→ τ̄ > 0. Then

Φ(n)
τ := Φ⌊τn⌋ =⇒ Φτ

where Φτ satisfies

dΦτ = b(Φτ ) dτ + Σ(Φτ )
1/2 dBτ , Φαβ

0 =
1

n0

⟨xα, xβ⟩.

Smooth Activation Drift

For φS(x) = Sφ(x/S) with S = an1/2,

b(Φ)αβ =
φ′′(0)2

4a2
(
ΦααΦββ + Φαβ(2Φαβ − 3)

)
+
φ′′′(0)

2a2
Φαβ(Φαα + Φββ − 2).
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Scalar Case and Blow-Up

For m = 1:
b(Φ) = bΦ(Φ− 1), Σ(Φ) = 2Φ2,

with
b =

3

4
φ′′(0)2 + φ′′′(0).

Example blow-up:

Ẋt = X2
t ⇒ Xt =

1

1− t
.

Example logistic drift:

Ẋt = bXt(Xt − 1) ⇒ Xt =
x0

x0 + (1− x0)ebt
.

If b < 0: mean-reverting.

If b > 0 and x0 > 1: blow-up at

t =
1

b
log

(
x0

x0 − 1

)
.

Proposition 1. Φ avoids finite-time blow-up a.s. iff

b =
3

4
φ′′(0)2 + φ′′′(0) < 0.

For odd increasing φ (sigmoid, tanh), φ′′(0) = 0 and φ′′′(0) < 0, hence stability.

ReLU Coefficient Interpretation

Φαβ
ℓ+1 = (Φαα

ℓ Φββ
ℓ )1/2K1(ρ

αβ
ℓ ) +

1√
n
ξαβℓ .

Thus
Φℓ+1 ≈ f ◦ f ◦ f ◦ · · · (Φ0).

Shaping:

φS(x) = x+O(n−1/2) ⇒ f(Φ) = Φ +
b(Φ)

n
+O(n−3/2).
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ResNet Interpretation

hℓ+1 = hℓ +
1√
d

1√
n
Wℓφ(hℓ),

Shaped:

hℓ+1 =

√
c

n
Wℓ

(
hℓ +

ψ(hℓ)√
n

)
,

with
ψ(x)√
n

=
c+√
n
max(x, 0) +

c−√
n
min(x, 0).

Deterministic Limit

For ReLU:
∂τΦτ = b(Φτ ).

same drift as SDE, but deterministic.
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