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Lecture 17: Infinite-Width SDE Limit for Covariance
Dynamics

Setup

We consider the covariance recursion for shaped activations:

C
o =[S Weps), ! =Bps(w, wn MO,

Shaped Activations

ReLU shaping;:

ps(x) = Sy max(x,0) + S_ min(z, 0), Sy =1+ >

Smooth shaping:

T

ps(x) = S<p<5

) : S=an?, (0)=0, ¢'(0)=1.

Correlation Kernel Expansion

Recall for ReL.U:

_ V1 = p?+ p arccos(—p)
Ji(p™P) =
with jointly Gaussian input:
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The shaped kernel satisfies

afy _ o By _ ,aB v(p™”) —3p
K (%) = Ecps(u)ps(u?) = o + P07 o),
with )
v(p) = %[ 1 — p? + p arccos(p)].

Choosing p = 1 ensures drift O(n~'), noise O(n~'/?), matching Euler-Maruyama
scaling.

Covariance Recursion

Define
« c (6%
o)) = (wH, Ci1)s ps(ar) = aps(z).

Drift Term

B[00, | Fo| = E [cos(hi des(hlin,) | 7|
= (®g70)7) V2 ek ().

Using the expansion,

(®7@;") > v(p}”)
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Noise Term
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Noise Covariance and Wick Expansion

Cov(¢?,6°) = E(wwuu?) — p*p".

Wick /Isserlis:

Ew®w’ww’ = Ew®w® Ew'w’ + Ew*w” Ew’w® + Ew®w’ Ew’w?

_ pocﬁ pw 4 pav pﬁé + pa5 pﬂ'y
Hence the cancellation:

« 9 a o
Cov(&7,€)°) = p™p™ + p*p™.

Reintroducing the ®-prefactors:

Cov(&7,6)°) = 077 + 2190 + O(n~1/2).

Final Covariance Recursion
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Infinite-Width Limit (Li-Nica-Roy, 2022)

Theorem 1 (Li-Nica—Roy (2022)). Let d,n — oo with ¢ — 7 > 0. Then
o =, = &,

T

where O, satisfies

dd, = b(®,)dr + X(9,)/?dB,, ¥ = —(a®,2°).
Smooth Activation Drift
S) with S = an'/?,
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For s(x) =

b(®)*F =

2a2
3

o 1 oo o 1 of iy
+1 = (I)eﬁ + 5(@6 q)?ﬁ)yz V(Peﬁ) + _(Z(q)é)l/sz) +O(n 3/2)-

"
0
(@(;wcq)ﬁﬁ + q)aﬁ(z(Pa,B o 3)) + % ( )q)aﬁ(q)aoz 4 q)ﬂﬁ .

2).



Scalar Case and Blow-Up

Form = 1:

with

Example blow-up:

Example logistic drift:

Xt = bXt(Xt — 1) = Xt =

If b < 0: mean-reverting.

If b > 0 and z¢ > 1: blow-up at

1 Zo
t=-1 .
b Og(l’o—l)

Proposition 1. ® avoids finite-time blow-up a.s. iff

3
b= 190/'(0)2 +¢"(0) < 0.

For odd increasing ¢ (sigmoid, tanh), ©"(0) = 0 and ¢""(0) < 0, hence stability.

ReLU Coefficient Interpretation

(67 ao (&3 1 167
Oty = (240 K (") + =6

Thus
(I)e+1%fofofo"'<q)o)-

Shaping:
—~1/2 b(CI)) —3/2
vs(z) =z +O0(n /) = f(q))zq)—f—T—i—O(n /).

4



ResNet Interpretation

1 1
hor1 = hy + —=—=Wypo(hy),
041 1 \/c_l \/ﬁ M( e)
Shaped:
h

hes1 = \/%WZ <hz + Tﬁ\(/ﬁé)) ;

with )
7) _ o LI
N \/ﬁmax(:c,(]) + \/ﬁmln(x,O).
Deterministic Limit
For RelLU:
0, P, = b(D,).

same drift as SDE, but deterministic.



