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As
c > 0, φ(cx) = c φ(x).
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By Cho and Saul (2009),
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Figure 1: J̄1(ρ) > ρ, ρ ∈ [0, 1], ρ = 1 is a fixed point pℓ+1 = c J̄1(pℓ), ρ0 > 0

ρl → 1 as l → ∞.

Figure 2: Remark: Noci et al.(2022), ρ = 1 implies vanishing gradient
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Aside: ραβℓ = 1−Θ
(
ℓ−2
)
,

qαβℓ = ℓ2(1− ραβℓ ) −→ SDE (Li and Nica, 2024).

Solutions:

1. Skip connection:
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2. Modify activations: Morten et al. (2021), “Deep Kernel Shaping”. Zhang et al.
(2022): “Tailored Activation Transform”

shaped activation function:
φs(x) = c φ(ax+ b) + d

For relu:
φs(x) = max{x, 0} − a min{x, 0}

Treat ραβd as a function of a, b, c, d; optimize

ραβd = ραβd (a, b, c, d) (n → ∞)

optimize ραβd = 0.3

Result: can train deep networks w/o heuristics (No adam. skip normalization)

Figure 3: Relu

Zhang et al. show: as h → ∞, d → ∞, ρl converges to an ode,
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Figure 4: Sigmoid

Figure 5: Shaped Relu

Shaping recipe:

For Relu:

φs(x) = s+ max(x, 0) + s− min(x, 0)

s± = 1 +
C±

np
, p to be determined

Smoothing activation:

φ ∈ C4(R), φ(0) = 0, φ′(0) = 1
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