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Recall: From Hanin and Nica (2019) “Products of Many Random Matrices”

Result:

hl+1 =
1√
n
Wlhl Wl, jk

iid∼ N (0, 1)

h1 =
1
√
n0

W0x

log

(
1

n
|hd|2

)
− log

(
1

n0
|x|2
)

d, n→∞, d
n→τ̄

−→ N (−τ̄ , 2τ̄)

This is the law of geometric Brownian motion:

dXτ =
√
2XτdBτ

Li (this Professor Mufan Li), Nica, Roy (2022) “Neural Covariance SDEs . . . ”

Recall: hl+1 | Fl

(
= σ

(
(hk)k≤l

))
d
= N

0,
1

n
|hl|2︸ ︷︷ ︸
Φl

⊗In


Φl+1 = Φl

1

n
|ξl|2, ξl ∼ N (0, I)

= Φl

(
1 +

√
2

n
ξlεl

)
, εl ∼ D

(
E [εl] = 0, E

[
ε2l
]
= 1
)

=⇒ Φl+1 = Φl +
1√
n︸︷︷︸

step 1
n

√
2Φl︸ ︷︷ ︸

σ(Φl)

εl︸︷︷︸
zero mean

Φ(n)
τ := Φ⌊τn⌋

d, n→∞, d
n→τ̄

−→ dΦτ

=
√
2ΦτdBτ

Geometric Brownian motion!
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Itô d log (Φτ ) = (−1) dτ +
√
2dBτ

Thus,

log (Φτ )− log (Φ0) =

∫ τ

0

(−1) dτ ′ +
∫ τ

0

√
2dBτ ′

= −τ +
√
2Bτ

∼ N (−τ, 2τ)

Mutliple data points: m ≥ 2.

hα
l+1 =

1√
n
Wlh

α
l

hα
1 =

1
√
n0

W0x
α

Recall:

[
hα
l+1

]m
α=1

∣∣Fl

(
= σ

(
(hk)k≤l

))
d
= N

0,
[
1
n

〈
hα
l , h

β
l

〉]m
α, β=1︸ ︷︷ ︸

Φl=
[
Φαβ

l

]
αβ

⊗In


E
[
Φαβ

l+1 | Fl

]
= E

 1

n

n∑
j=1

hα
l+1, jh

β
l+1, j | Fl


= E

[
hα
l+1, jh

β
l+1, j | Fl

]
, ∀j ∈ [1 : n]

= Φαβ
l

Subtract the mean:

Φαβ
l+1 − Φl | Fl =

1

n

n∑
j=1

hα
l+1, jh

β
l+1, j − Φαβ

l | Fl

=
1√
n︸︷︷︸

step size 1
n

1√
n

n∑
j=1

hα
l+1, jh

β
l+1, j − Φαβ

l︸ ︷︷ ︸
zero mean


︸ ︷︷ ︸

=:ξαβ
l CLT term =Θ(1)

| Fl

Thus,

Φαβ
l+1 = Φαβ

l +
1√
n
ξαβl , α, β ∈ [1 : m]

We will flatten the Markov chain:

• Φ is symmetric (PSD)

• vec : Sym (m)→ Rm̄=m(m+1)/2, vec : Φ 7→
[
Φαβ

]
α≤β

→ upper-triangular entries (unique entries)
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Markov chain is always in the space Rm̄. So,

vec (Φl+1) = vec (Φl) +
vec (ξl)√

n
, ξl →

[
ξαβl

]
αβ

Abusing notation:

Φl+1 = Φl +
1√
n
ξl

We nned the covariance matrix: Cov (ξl):

E
[
ξαβl ξγδl

]
= E

[(
hα
l+1, jh

β
l+1, j − Φαβ

l

)(
hγ
l+1, jh

δ
l+1, j − Φγδ

l

)]
= E

[
hαhβhγhδ

]
− ΦαβΦγδ

=
(
E
[
hαhβ

]
E
[
hγhδ

]
+ E [hαhγ ]E

[
hβhδ

]
+ E

[
hαhδ

]
E
[
hγhβ

])
− ΦαβΦγδ (Wick’s Isserlis)

=
(
ΦαβΦγδ +ΦαδΦβδ +ΦαδΦγβ

)
− ΦαβΦγδ

= ΦαδΦβδ +ΦαδΦγβ

where ξαβl ∈ Rm̄ and α ≤ β, γ ≤ δ.

Thus,

vec (Φl+1) = vec (Φl) +
1√
n
Σ (Φl)

1/2︸ ︷︷ ︸
Rm̄×m̄

εl, εl ∈ Rm̄, εl ∼ D
(
E [εl] = 0, E

[
ε2l
]
= 1
)

Σ (Φ)
αβ, γδ

= ΦαδΦβδ +ΦαδΦγβ

d, n→∞, d
n→τ̄

−→


d Φτ︸︷︷︸

Rm̄

= Σ(Φτ )
1/2

d Bτ︸︷︷︸
BM on Rm̄

Φ0 =
[

1
n0

〈
xα, xβ

〉]m
α, β=1

Φτ̄ ←
[

1
n0

〈
hα
d , h

β
d

〉]m
α, β=1

dΦτ = Σ(Φτ )
1/2︸ ︷︷ ︸

inverse Riemannian metric (later)

dBτ

Intuition:  1︸︷︷︸
each layer ≈1

+
1

n

d

→


1, n→∞
∞, d→∞
eτ̄ , n→∞, d→∞, d

n → τ̄

d−1∏
l=1

(
1 +

√
2

n
εl

)d
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Nonlinear Networks

(m = 1)

Most näıve thing one cane do:

hl+1 =
1√
n
Wlφ (hl)

hl+1 | Fl ∼ N

0,
1

n
|φ (hl) |2︸ ︷︷ ︸

Φl

⊗In


E [Φl+1 | Fl] = E

 1

n

n∑
j=1

φ (hl+1, j)
2 | Fl



= E

 φ (hl+1, j)
2︸ ︷︷ ︸

h2
l+1, j⊮{hl+1, j>0}


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E
[
w2⊮{w>0}

]
=

∫ ∞

0

x2dρ (x) , ρ (x) ∼ N (0, Φ)

=
1

2

∫ ∞

−∞
x2dρ (x)︸ ︷︷ ︸

E[w2]=Φ

=⇒ E [Φl+1 | Fl] =
1

2
Φl

Φl+1 =
Φ

2︸︷︷︸
unstable! Φl→0 as l→∞

+
1√
n
ξl

(Kaiming)He - Init.

1

c
= E

[
φ (w)

2
]
, w ∼ ′, ∞

φ (|c|x) = |c|φ (x)

=⇒ hl+1 =

√
c

n
Wlφ (hl)

hl+1 | Fl
d
= N

0,
c

n
|φ (hl) |2︸ ︷︷ ︸

Φl Def’n changed!

⊗In



E [Φl+1 | Fl] = E

 c

n

n∑
j=1

φ (hl+1, j)
2 | Fl


= E

[
cφ (hl+1, j)

2 | Fl

]
= 2E

[
φ (w)

2
]
, w ∼ N (0, Φl)

= 2
1

2
Φl

=⇒ Φl+1 = Φl +
1√
n

1√
n

n∑
j=1

(
cφ (hl+1, j)

2 − Φl

)
︸ ︷︷ ︸

ξl

E
[
ξ2l | Fl

]
= E

[(
cφ (hl+1, j)

2 − Φl

)2
| Fl

]

= c2E

 φ (hl+1, j)
4︸ ︷︷ ︸

h4
l+1, j⊮{hl+1, j>0}

| Fl

− Φ2
l

=
c2

2︸︷︷︸
=2

E

h4
l+1, j︸ ︷︷ ︸
3Φ2

l

| Fl

− Φ2
l

= 5Φ2
l
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Φl+1 = Φl +
√
5Φlεl, εl ∼ D

(
E [εl] = 0, E

[
ε2l
]
= 1
)

→ dΦl =
√
5ΦldBτ ,

d

n
→ τ̄

=⇒ Φl

Φ0
∼ exp

(
N
(
−5

2
τ̄ , 5τ̄

))

In the case of m ≥ 2,

hα
l+1 =

√
c

n
Wlφ (hα

l )

ραβl =
Φαβ

l√
Φαα

l Φlββ
∈ [−1; 1]

ραβl+1 = f
(
ραβl

)
+ . . .

ραβl → 1 as l→∞

• hα
l ≈ hβ

l constant

• Transformers with ρ ≈ 1

• =⇒ vanishing gradients (Noci et al., 2022)
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