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Lecture 14: Depth Scaling

1 Vector Field and ODE

An Ordinary Differential Equation (ODE) is an equation that relates an unknown
function of a single independent variable (like time, ¢) to its own derivatives.The
system is defined by a vector field b and an initial condition z:

Xt - b(Xt)
X() = 29

Vector field illustration:
7

7
7

2 Euler Discretization

To solve this numerically, we can approximate the continuous solution X; with a
discrete sequence Y}, where Y, ~ Xj,. This is done using the Euler method, which
advances the solution in small time steps of size 7.The update rule is defined as:

Step size n > 0

This rule is derived from the definition of the derivative. By rearranging the

update rule, we can see it’s a finite difference approximation of the original ODE'’s

dynamics:

Y =Y ~ X1y — Xy
n n




Here, the discrete difference (Y11 — Y%)/n approximates the true continuous deriva-
tive X at time t = kn).

2.1 Error Analysis

We try to analyze the local truncation error, the error we make in just one step. Here
we make two Assumptions:

e |b(x)| < Cp (Boundedness).
o |b(z) — b(y)| < Cy|x — y| (Lipschitz Condition).

Then we will have:
n n
X, = Xo= [ 00X ds = nb(Xo) + [ BOX) ~ b0 ds,
0 0

the second term is the error term.

n
Error < C’l/ | Xs — Xo|ds
0

n

< max | Xy — Xo| ds
0

- s'<s

< CoCim?* = O(n?)

2.2 Stepwise Error Accumulation

This section analyzes how the small errors from each step add up over the entire
simulation interval [0, 7']. This is known as the global error. We start with the local
error for a single step, which we previously found to be proportional to the square
of the step size:

Errorge, ~ Cn?

This is an O(n?) error.

Now, we must sum these local errors over all the steps required to cover the
total time 7. The number of steps, k, is determined by the total time 7" and the step
size n:

k=T/n (orkn=T)

A simplified view of the total error is to multiply the number of steps by the error
per step:
Total error ~ k x (Local error) ~ O(kn?)
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By substituting £ = T'/n, we can see how the global error depends on the step size
n:
Total error ~ O((T/n) - n*) = O(Tn)
Since 7' is a fixed constant, the total error is directly proportional to 7. This is the
key result: as the step size 1 goes to zero, the total accumulated error also goes to
Zero.
n—0 = Total error — 0

This demonstrates that the Euler method converges. To achieve this, we must let
the number of steps £ go to infinity while the step size 1) goes to zero, such that their
product remains the constant simulation time 7.

2.3 Continuous-Time Interpolation

The analysis above shows convergence at the final time 7. We now introduce a
way to formalize the convergence over the entire time interval [0, 7].We define a
continuous-time interpolation Yt(”) from our discrete solution points (Yp, Y, Y2, .. .).
This function “fills in the gaps” between our discrete points.

}/t(??) = Y\_t/ﬂ'ﬁ fort € [O,T]

Where |-] is the floor operation. This creates a piecewise-constant (step function)
that holds the value Y}, for the entire time interval [kn, (k + 1)n).With this definition,
we can state the formal convergence theorem. We will have uniform convergence
of the approximation to the true solution:

sup [X; — Y| >0 asn—0

t€[0,T]
This notation means that the maximum possible error (the sup, or supremum)
between the true solution X; and our blocky approximation v, over the entire
interval [0, T'] shrinks to zero as the step size 7 shrinks to zero.




3 Residual Networks [HZRS16]

Consider the standard MLP:
1
hepa = 7 Wi d(he).

When training very deep very deep MLPs, the gradient must be back propagated
through all the layers. This involves a long chain of matrix multiplications, which
will result in vanishing gradients/exploding gradients. ResNet addresses this
problem by adding a “skip connection” that passes the input 5, directly to the next
layer, by passing the residual block:

1
her = N Wi (hy) .

he +
\f./ \/_
skip ————

residual

3.1 The Continuous Limit

We can view a very deep ResNet as a discrete system evolving over “layer time”.
This leads to a connection with ODE. Here we assume recurrent weight sharing;:
Wy =W, =--. =Wy =W. And we can introduce a small step size ¢, so we can
rewrite the shared-weight ResNet update as:

vec. field
Now, we keep n fixed, and d — oo, ¢ = 0. We keep the total “layer time”
7T = ed > 0 fixed. Just as in the Euler convergence, we can define a continuous
function h{":
W = hirye

As we take the limit, this step-function approximation converges to a smooth,
continuous path h,:
Y = h.,  T€l0,7]

This limiting continuous path £ is the solution to the following ODE:

he = Z=Wo(h)

Here, 7 represents the continuous “layer time” (where 7 ~ ¢f). This results is a
Neural ODE [CRBD18§].



h(:) :hh/sj — h,, T E [0,77‘].

1

=
\/ﬁ

W é(h,), T~ el

3.2 Variance (non-recurrent case)

We now consider a different scaling for the ResNet update, specifically for the
non-recurrent case (Where each layer has independent weights ;). This scaling
is often used when analyzing the variance of activations as the network depth
increases.This scaling convention is different from the one used to derive the Neural
ODE.Recall the standard ResNet block from eq:resnet:h, 1 = hy + \/iﬁ Wy ¢(hy). Now,
we introduce the € parameter (related to depth, where ¢ — 0 as d — oo) but with a
different scaling:

1 1
heyr = h - — h
t+1 = he + i U Wi o (he)
We can also have CLT scaling;:
hess = he+ —— —— W, é(he)
41 = Ty = el

(Why this works?)

4 Random Walk

The discrete random walk considers a discrete-time process Y:

Yitr =Y + vno(Ye) &,

where 7 is a small step size (can be set to 1/n), § are i.i.d. random variables with

E[¢k] = 0 and E[£7] = 1. The /5 is the CLT scaling.

We define a continuous-time interpolation VAR Y|i/n)- As we take the limit

n — 0, this discrete process converges to a continuous process X;:

Y =Ygy — X

The limiting process X, is the solution to a stochastic different equation (SDE):

dXt = U(Xt) dBt
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The solution to the SDE can be written as an integral equation:

t
Xt:X0+/ o(X,) dB,
0

This is not a standard Riemann integral. It is an Itd stochastic integral, which is
defined as a specific limit of a sum as the time partition At shrinks to 0:

n

t
/0 U<XS> dBS = Al}tgloizlo-(Xti)(Bti+l - Btz)

This function o (X,) is evaluated at ¢;, which is the left end point of the time interval
[ti, tisa]-
In general, a process with both a deterministic step and a random step:

Vin =Y+ nb(Yr) + no(Yy)&
—— —_——
Drift (ODE part)  Diffusion (SDE part)

In the limit » — 0, converges to a full SDE:
dXt = b(Xt) dt + O'(Xt) dBt

where the O(7) term (Riemann integral) becomes the drift term d¢, and the O(,/7)
term (CLT scaling) becomes the diffusion term dB;.

4.1 Application to Scaled ResNet
We now apply this to scaled ResNet, recall the “CLT scaled” ResNet:

1 1
hosr = he + 71 % Wip(he)

We can match this to the general SDE by setting:
o Stepsizen=1/d
e Drift b(h,) = 0 (assiming W, has zero mean, E[IV/;] = 0)
e Stochastic term: /5o (he)&, = \/ia(\/iﬁwgqb(hg))

To find the diffusion o, we can write the ResNet as:

1 -
hes1 = he + —dfe

Vid
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Where & has i.i.d. entry and each entry can be computed as:

i = (Wi, ¢(he)) = Waijbs(he)
j=1

Assuming W, ;; are i.i.d. with E[W, ;] = 0 and E[W7;;] = 1 (standard initialization):

E[&,]

E (Z We,z-mj(hz))

j=1

Because the weights W, ;; are independent, the cross-terms E[WV,;; W, ;] are 0 for

Jj # k.

2
E (2 We,ij%W)) =K [Z We,z‘jWe,ijfébjﬁbj’]

Jy'=1

= Z E[Wz%ij]ﬁb?

J=1

=2 (14
= [p(he)|?

This defines the variance of each block, and this matches the SDE form /no(h)
where n = 1/d and o(hy) = \/Lﬁ|q§(hg)|.Thus, as d — oo (son — 0), the ResNet
dynamics converge to [HY23]:

dh, = —=16(h.)|dB,
4.2 Joint Limits
1. Proportional Scaling (Standard MLP, no skip connection)
1
hev1 = NG

Here, the limits must be taken jointly, with their ratio held constant: d/n — 7.
This is typical in Random Matrix Theory analysis.

We o (he)



2. Scaled ResNet

1
hevr =he+—-[...] (“some block”)

Vd

For this model, the n, d limits commute. You can let width n — oo first (mean-
tield limit) and then let depth d — oo (SDE limit), or vice versa, or take them
jointly, and you will arrive at the same limiting process. This is a very robust

property.

Case (2): Scaled ResNet Limit Case (1): Proportional Limit (MLP)

d—w

an”

5 Linear Network at Init

We consider the case the input is a single data point (m = 1). The network are given
by:

1
heyr = —=Wihy
n

Vn

where h, € R" is the activation at layer ¢, and W, € R"*" is a random weight
matrix. We assume the entries of W, are i.i.d. N(0,1). So we have hy | hy_; ~
N (0, %]hd? ® In). Then, we trach the evolution of the normalized squared norm,
ALY

Wihy

1] 1 S|

= = —|W,yh,|?

n‘\/ﬁ n2| ehel
8

1
—’hz+1|2 -
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We can separate the magnitude and direction of h, (Where v, = hy/|h| is a unit
vector):

1 1 1 1
Z1h 2 - h 2 — Zlh 21 | = 2
el = Wil = ( S1ac?) - (2w

Let’s define a new random variable £[&|? = £[W;v,|?. Since v, is a unit vector and
W, is a standard Gaussian matrix, the vector £, = Wy, is also standard Gaussian,
& ~ N(0, I,,), and is independent of h;.

This gives us the recursive relation:

1 1 1
Ll = (—W) - (—w)
n n n

Unrolling this recursion back to the input hy = = (wWhere n is the input dimension),

we get:
¢
1 2 (1 l 2
el = (et ) -1 (e
To make the problem manageable, taking log on both sides:

1 1 d—1 1
g 1114?) = tog (~Lfol?) + Y tog L)
n no P n
We now analyze the properties of the random term %|§ o = % S gl?’i, where
&i~ N(0,1) areii.d.

1. Expectation: By the Law of Large Numbers, this term converges to its mean.

n

Ellep] = LS me = 1y @) =1
{n } n & n

i=1

2. Variance:We first compute the second moment. Recall for a standard Gaussian,
E[¢?] = 1 and E[¢*] = 3.
2

1 ? 1 - 1 -
(her) | - oz | (360 ) | - 2 | et
i=1

1,j=1

E

We split the sum into diagonal (¢ = j) and off-diagonal (i # j) terms:

= L SEe+ Y EeEE)

i=1 i]



1 3n + n? -n n? + 2n 2
—n2(n 3+nn—-1)-1-1) = — poal

The variance is therefore:
Var (L16?) = BICP - (BED? = (1+2) -2 =2

Since Var — 0 as n — oo, the term concentrates around its mean of 1.
To analyze the sum of logs, we define a normalized random variable ¢, with

|fe|2— 1+\/7Ce

Now, we use the Taylor expansion log(1 + z) ~ z — & + O(2?):

log (%|§£|2) = log <1 + \/%Cz)
N \/5 1 f i o
~\Vas) T\ o)
~ \/%Cg — %Qz + O(n*3/2)

Substituting this back into our sum (and writing log(n—l0 |z0|?) for the initial term):

d 1
10g (%|hd|2> log (—‘l‘0| ) (\/%Cg — %CE) + O(d . n_3/2)
=0

We analyze the behavior in the joint limit where d — oo and n — oo such that their
ratio is constant: d/n — 7.

log (—|hd\2> log (-mﬁ) \/72@— —Zgg +0(d-n 3/2)

(3) Remainder

mean 0 and variance 1:

(l) CLT Term (2) LLN Term
1. CLT Term: \/% S =2 \/g (\/ia > Q). By the Central Limit Theorem (CLT),
772G = N(0,1). Thus, the term converges to V27 - N(0,1) ~ N(0,27).

2. LLN Term: This term converges to its expected value. By the Law of Large
Numbers (LLN), 1 > ¢Z — E[¢?] = 1. The term is —£(1 3~ (?), hence it con-
verges to —7.
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3. Remainder: O(d - n=%/?) = O(% Y2 = O(Fn~12) = 0.

Theorem 1 ([HN19]). Combining these limits, the log-norm of the output activation
converges to a Gaussian distribution:

1 n—T 1
log (—]hd|2) Li% N <log <—|:1:0|2> -7, 27)
n N
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